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Abstract. We introduce the notion of a local torus action modeled on the 
standard representation (for simplicity, we call it a local torus action). It is a 
generalization of a locally standard torus action and also an underlying struc- 
ture of a locally toric Lagrangian fibration. For a local torus action, we define 
two invariants called a characteristic pair and an Euler class of the orbit map, 
and prove that local torus actions are classified topologically by them. As a 
corollary, we obtain a topological classification of locally standard torus ac- 
tions, which is a generalization of the topological classification of quasi-toric 
manifolds by Davis- Januszkiewicz 1101 Proposition 1.8] and of effective Tr- 
actions on four-dimensional manifolds without nontrivial finite stabilizers by 
Orlik- Raymond |31l . We investigate locally toric Lagrangian fibrations from 
the viewpoint of local torus actions. We give a necessary and sufficient condi- 
tion in order that a local torus action becomes a locally toric Lagrangian fibra- 
tion. Locally toric Lagrangian fibrations arc classified by Boucetta-Molino [5] 
up to fiber-preserving symplectomorphisms. Wo shall reprove the classifica- 
tion theorem of locally toric Lagrangian fibrations by refining the proof of the 
classification theorem of local torus actions. We also investigate the topology 
of a manifold equipped with a local torus action when the Euler class of the 
orbit map vanishes. 



1. Introduction 

Let be the unit circle in C and T" := (S^)" the n-dimensional compact 
torus. T" acts on the n-dimensional complex vector space C" by coordinatewise 
complex multiplication. This action is called the standard representation ofT". 
In this paper we focus on manifolds which are locally modeled on the standard 
representation of T". A typical example is a nonsingular toric variety. T" acts on an 
n-dimensional toric variety as a subgroup of the n-dimensional complex torus (C*)". 
If the toric variety is nonsingular, then for each point of it we can take a coordinate 
neighborhood ([/, p, ip), where J7 is a T"-invariant connected open neighborhood of 
the point, p is an automorphism of T". and ip is a p-equivariantly diffcomorphism 
from U to an open set of C" invariant under the standard representation of T". 
The latter means that (p{u ■ x) = p{u) ■ (p{x) for u & T"- and x & U. In general, 
a torus action which has an atlas consisting of such coordinate neighborhoods is 
said to be locally standard and such an atlas is called a standard atlas. This is 
one of the starting point of their pioneer work |10| of Davis-Januszkiewicz, in which 
they focused on locally standard torus actions whose orbit spaces are simple convex 
polytopes and showed that they still have fascinating combinatorial properties as 
well as the original toric varieties. (A manifold with this torus action is now called 
a quasi-toric manifold.) After their work, topological generalizations of the original 
toric theory have been actively studied HH HI US US HZI ■ 
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In this paper we consider a structure similar to a standard atlas, but which 
satisfies a weaker condition than that of a standard atlas. 

Definition 1.1. Let X be a compact HausdorfF space. A weakly standard C 
(0 < r < oo) atlas of X is an atlas {{U^ , (p-^)}aeA which satisfies the following 
properties 

(i) for each a, (p-^ is a homeomorphism from to an open set of C" which 
is invariant with respect to the standard representation of T", 

(ii) on each nonempty overlap U^p := n , 

(a) fai^ap) ^'^'^ '^pi^ap) ^^^"^ invariant with respect to the standard 
representation of T" and 

(b) there exists an automorphism of T" such that the overlap map 
fap ■~ fa ° {'Pp)~^ is /9Q/3-equivariant C" diffcomorphic with respect 
to the standard representation of T" Q 

Two weakly standard C atlases {{U^ ,ip'^)}aeA and {(V^, i/'^)};3ge of X are 
defined to be equivalent if on each nonempty overlap n V^, there exists an 
automorphism p of T" such that ip-^ o is p-cquivariant C diffeomorphic. 

We call an equivalence class of weakly standard C atlases a C local T"' -action on 
X modeled on the standard representation, or a local r"-action on X if there are 
no confusions and denote it by T. 

Definition 1.2. Let {Xi,%) (z = 1, 2) be a 2n-dimensional manifold equipped with 
a C'- local T"-action % and {(C/f i, ^^^laG^ G Ti and {{Uf\ipf-)]peB G % the 
maximal weakly standard atlases of Xi and X2. (Xi,Ti) and (^2,72) are said to 
be isomorphic if there exists a C" diffeomorphism /x : ^1 ^ X2, and there 
exists an automorphism p of T" on each nonempty overlap J7^^ n fx^{U^^) ^ 

such that (p^^ ° fx ° iVa^)^^ is p-equi variant, /x is called a C isomorphism and 
we denote it by fx: {Xi,Ti) ^ {X2,T2). 

The purpose of this paper is to classify local torus actions topologically in terms 
of certain invariants. This is an improvement on the previous work |33| . The main 
motivation of this work is to develop the equivariant theory of local torus actions 
and its application to geometry and topology of Lagrangian fibrations, which we are 
investigating now. In [31] we also discuss the lifting problem of local torus actions 
to fiber bundles. 

It is obvious that a standard atlas of a locally standard torus action satisfies 
the conditions in Definition 11.11 In this sense, the notion of a local torus action is 
a generalization of that of a locally standard torus action. As in the usual group 
action case, we can define the orbit space and the orbit map for a local T"-action 
T on a manifold X. In fact, we construct an n-dimensional C*^ manifold Bx with 
corners and a C° open map p,x '■ X Bx which is locally identified with the orbit 
map of the standard representation of T" in Section 

Locally standard torus actions provide several examples of local torus actions. 
But, not all local torus actions come from locally standard torus actions. Let 
Aut(r") be the group of automorphisms of as a group. Then, a nontrivial 
T"-bundle on an n-dimensional closed manifold whose structure group is Aut(r") 
is equipped with a local T"-action which is not induced by any locally standard 
T"-action. In general, for a local T"-action T on a manifold X, a weakly standard 
atlas {{U^ , ip^)}aeA G T induces an atlas {{U^ , (p^)} of Bx, and automorphisms 
Pap in (ii) of Definition 11.11 form a Cech one-cocycle on {U^}a£A with values in 
Aut(r"); hence it defines a cohomology class in the first Cech cohomology of Bx 



In this paper, for simplicity, wc assume that every overlap of two open sets is connected. 
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with coefficients in Aut(T"). We show that it is the obstruction for a local T"-action 
to come from a locally standard r"-action (see Proposition 13. 5p . 

To give a topological classification of local torus actions, let us first recall the 
topological classification of quasi-toric manifolds by Davis- Januszkiewicz. In jlOj 
Davis- Januszkiewicz defined an invariant called a characteristic function for a quasi- 
toric manifold. They constructed a new quasi-toric manifold, called a canonical 
model, by using the characteristic function, and proved that a quasi-toric manifold 
is equivariant homcomorphic to the canonical model of it. Masuda-Panov general- 
ized their technique to locally standard torus manifolds and proved that the same 
is true for a locally standard torus manifold provided that the second cohomology 
group of the orbit space vanishes. We shall classify local torus actions topologi- 
cally by generalizing their method. For a local T"-action T on a manifold X and 
a weakly standard atlas {{U^ , Lp^)}a£A G the Cech one-cocycle {pa/?} corre- 
sponds to the principal Aut(T")-bundle which we denote by ttp^ : Px Bx on 
Bx ■ By Proposition 13. 5[ when {X, T) comes from a locally standard r"-action, 
Px is the product bundle Px — Bx x Aut(r"). Let A be the lattice of integral 
elements in the Lie algebra of T", and we denote by ttj^^ : Kx Bx the associated 
A-bundle of Px by the natural isomorphism between Aut(r") and the automor- 
phism group GL(A) of A. Since Bx is a manifold with corners, there is a natural 
stratification on Bx- We denote by the codimension one part of the 

natural stratification of Bx ■ For {X, T) , let tttx ■ Tx — > Bx the associated T"- 
bundle of Px by the natural action of Aut(r") on T". By construction, Tx acts 
fiberwise on A". So a characteristic function is generalized to a rank one subbundle 
7i"£x : of the restriction of tta^, : kx Bx to ^(""I'B. Wc caU 

T^Cx ■ — *■ S^^~^^Bx the characteristic bundle and also call the pair {Px,jC.x) 
the characteristic pair. Similar to quasi-toric manifolds, we can construct a new C° 
manifold A"(p^ equipped with a local torus action by using {Pxi Cx)- We still 
call X(p^ £^-) a canonical model. But unlike the above case, in general, A'(p^ 
is not C" isomorphic to (AT, T) even if (AT, T) comes from a locally standard torus 
action. So, in order to represent the difference between them, we define another 
topological invariant e(Ar, T) called the Euler class of fix- It is a natural general- 
ization of an Euler class of a principal torus bundle. We also show that e{X,T) is 
an obstruction in order that nx admits a C° section. With these preliminaries we 
can state a topological classification theorem of local torus actions (Theorem 16. ip . 

Theorem 1 (a topological classification of local torus actions). Local torus actions 
are classified by the characteristic pairs and the Euler classes of the orbit maps up 
to C'^ isomorphisms. 

We focus on locally standard torus actions. Then we can also obtain the following 
corollary (Corollarv l6.3p . 

Corollary 2 (a topological classification of locally standard torus actions). Locally 
standard torus actions are classified by the characteristic bundles and the Euler 
classes of the orbit maps up to equivariant homeomorphisms. 

This is a generalization of the topological classification of quasi-toric manifolds by 
Davis- Januszkiewicz [TU] and of effective T^-actions on four-dimensional manifolds 
without nontrivial finite stabilizers by Orlik- Raymond |31| . 

In case of e(A", T) = 0, we shall investigate the topology of a manifold (AT, T) 
with a local torus action by using algebraic topological methods. We show that if 
the zero-dimensional part S^^^Bx of Bx is nonempty, then the fundamental group 
of X is isomorphic to the one of Bx (Theorem 18. ip . We give a way to compute 
cohomology groups and AT-groups by using the Atiyah-Hirzebruch-Leray spectral 
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sequence for nx f Theorem 18.21 and Theorem 18. 6p . In the case where X is four- 
dimensional and both X and Bx are oriented, we observe the signature of X. 

Another important class of local torus actions appears in Lagrangian fibrations. 
Let wc" be the standard symplectic structure on C" 

1 " 

(1.1) ujo, -.^ - — — V'dzfcAcfzfc. 

The standard representation of T" preserves and the map /ic" : C" R" 
which is defined by 

(1.2) /.c"(2):=(|zip,...,|z„n 

for z ~ (zi, . . . , z„) G C" is a moment map of the standard representation of T". 
Note that the image of /^C" is the n-dimensional standard positive cone 

(1.3) M"^ := {e = (6, . . . , ^n) e M" : > I = 1, . . . , n}. 

Let {X, uj) be a 2n-dimensional closed C°° symplectic manifold and B an n-dimensional 
C°° manifold with corners. A C°° map /x: {X^lu) B \s called a locally toric La- 
grangian fibration if it is locally identified with fiC" ■ (C",iu;c") (for the 
precise definition see Definition 13.71 ). It is a natural generalization of a moment 
map of a symplectic toric manifold. In the case of dB = 0, it is a nonsingular La- 
grangian fibration. Conversely, by the Arnold-Liouville theorem [T], a nonsingular 
Lagrangian fibration with closed connected fibers on a closed manifold is also such 
an example. We will see in Proposition 13.131 that for a locally toric Lagrangian 
fibration {X,lj) ^ B, X admits a C°° local torus action. We also give a neces- 
sary and sufficient condition in order that a C°° local torus action (X, T) admits 
a symplectic structure uj so that fix '■ {X, to) — > Bx is a locally toric Lagrangian 
fibration (Theorem 17. 7p . In particular, as is well-known, if fix ■ i^-,^) ~* Bx is a 
locally toric Lagrangian fibration, then Bx is equipped with a rigid structure called 
an integral affine structure (see Definition 1 7. !( also consult [llj and [32|, Lemma 2.5] 
for more details). We show in Section [7] that there is a characteristic pair associated 
with an integral affine structure, and the canonical model constructed by this char- 
acteristic pair admits a symplectic structure so that the orbit map is a locally toric 
Lagrangian fibration. We shall refine the method used to prove Theorem 16. II to ob- 
tain the classification theorem of locally toric Lagrangian fibrations (Theorem l7.8|) . 
This theorem has been obtained by Boucetta-Molino in [S]. 

This paper is organized as follows. In the next section we define the orbit space 
and the orbit map of a local torus action and investigate their properties. In Sec- 
tion [3] we see several examples. We give an obstruction in order that a local torus 
action is induced by a locally standard torus action. We also show that a locally 
toric Lagrangian fibration admits a C°° local torus action. In Section [H we in- 
troduce a characteristic pair and construct a canonical model from a characteristic 
pair. We also explain how a characteristic pair is associated with a local torus 
action. In Section we define the Euler class of the orbit map and prove that 
the orbit map has a C" section if and only if it vanishes. Section E] is devoted to 
the topological classification. In Section [7] we investigate locally toric Lagrangian 
fibrations from the viewpoint of local torus actions. We give a necessary and suffi- 
cient condition in order that a manifold equipped with a local torus action admits a 
symplectic structure that makes the orbit map a locally toric Lagrangian fibration. 
We also reprove the classification theorem of locally toric Lagrangian fibrations by 
Boucetta-Molino. Finally, in Section \8\ we investigate the topology such as fun- 
damental groups, cohomology groups, and A'-groups. In Appendix A we describe 
some facts about AT-theory of low dimensional CW complexes which are used in 
this section. We also observe the signature in the oriented, four-dimensional case. 
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1.1. Conventions. Throughout this paper we employ the vector notation in order 
to represent elements of C", namely, z = (zi, . . . , z„) G C". The similar notation 
is also used for T" = (5^)", K", etc. In this paper, all manifolds, maps, and local 
r"-actions are assumed to be of class C" unless otherwise stated. 

Acknowledgment. I am thankful to Professor Margaret Symington for inform- 
ing me of her work about Lagrangian fibrations and torus actions and to Professor 
Hisaaki Endo for explaining me Meyer's signature cocycle. I am also grateful to 
Professor Mikio Furuta and Professor Mikiya Masuda for helpful suggestions and for 
constant encouragement. Professor Furuta is my mentor and this work is motivated 
by his suggestion. 

2. Orbit structures 

2.1. The standard representation. In this subsection, we briefly summarize the 
fundamental facts about the standard representation of a torus, which is the local 
model in this paper. Recall that the standard representation of T" is the r"-action 
on C" defined by 

(2.1) u • z := (uizi, . . . ,M„z„) 

for M . . . , u„) e T" and z = (zi, . . . , z„) e C". The orbit space C"/T" of 

the action is equipped with the natural stratification whose fc-dimensional strata 
consists of fc-dimensional orbits. Let K" be the standard n-dimensional positive 
cone which is defined by p.3p . It also has the natural stratification with respect 
to the number of components of the coordinates (^i . . . which are equal to 
zero. We denote the fc-dimensional part of M" by iS^*''-'M". Namely, ^ G M" is an 
element of iS'-'^^R" if and only if the number of nonzero components S,i is equal to 
k. Then the map /ic" : C" M" defined by (|1.2p is invariant with respect to the 
standard representation of T" and induces a homeomorphism from C"/r" to 
which preserves stratifications. It is easy to see the following proposition. 

Proposition 2.1. For any ^ <E M", all points of ^^^(S^) has a common stabilizer. 
If£_ lies mS'-'^'^RI, then it is an {n — k)- dimensional subtorus ofT". In particular, 
for two points zi, Z2 G C" with /^C"(^i) = MC"(-Z2); there exists an element u G T" 
such that Z2 = u ■ zi. u is unique up to the common stabilizer of the T" -action on 
AiC"(MC"(2:i))- 

Let p be an automorphism in Aut(r"). Suppose that there exists a p-equivariant 
homeomorphism /: C" —>■ C". Then, the following proposition is obvious. 

Proposition 2.2. For any z € C", p sends the stabilizer of z isomorphically to 
the one of f{z). 

2.2. orbit spaces and orbit maps. Let {X,T) be a 2n-dimensional manifold 
equipped with a C' local T"-action. For (A, T) we define the orbit space and 
the orbit map in the following way. Let {{U^ ^ip-^Y^aeA G T be the maximal 
weakly standard atlas of X. We endow each quotient space i^a)/'^" with the 
quotient topology induced from the topology of fai^a) by the natural projec- 
tion 7r„: ip^{U^) ip^{U^)/T'^. By the property (ii) for each overlap C/^^, ip^f^ 
induces a homeomorphism from {U^^) /T"- to (p^{U^p)/T"-. We define two ele- 
ments ba e ^aiUa)/T" and bp e ipf{U^)/T" to be equivalent, or ba ~orb bp if 
ba e faiU^p)/T''', bp G Vp{U^p)/T'' and the map induced by (f^^ sends bp to b^. 
It is an equivalence relation on the disjoint union (^ip^ {U^)/T^) . We define 
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the orbit space Bx of the local r"-action to be the quotient space 

together with a quotient topology. It is easy to see that Bx is a Hausdorff space 
and {ip^ {U^)/T^}a!^A is an open covering of Bx- By the construction of Bx, the 
map LI„ TTaOip^: {'fa{U^)/T'^) induces a C° open map from X to 

Bx- We call it the orhit map of the local T"-action and denote it by ^x ■ X Bx- 

Definition 2.3 ([9l Section 6]). Let _B be a Hausdorff space. A structure of an n- 
dimensional C° manifold with corners on i? is a system of coordinate neighborhoods 
modeled on open subsets of R" so that overlap maps are homeomorphisms which 
preserve the natural stratifications induced from the one of M" . 

Proposition 2.4. Bx is endowed with a structure of an n-dimensional C° manifold 
with corners. 

Proof. A structure of an n-dimensional C*^ manifold with corners on Bx is con- 
structed as follows. We put C/f := ip^{U^)/T". The restriction of /^C" to (p^iU^) 
induces a homeomorphism from to the open subset fJ-c^ifaiUa)) of K" , which 

nU^, the overlap 

p^C"{^p{U^f})) K^ifaiU^p)) preserves the natural 
stratifications of K^ifa {Ua/j)) and fic^if^ {11^^)). Thus, {{U^ , Lp^)}aeA is the 
desired atlas. □ 



is denoted by <pf . By construction, on each overlap 



map </3f^ : 



Remark 2.5. The atlas {{U^ , (p^)}a£A of Bx constructed in the proof of Propo- 
sition [13] has the following property: for each a, = ^^{U^), ^ai^a) = 
Mc" (Vq {U^)) and the following diagram commutes 



X 



MX 



MX 



Bx 



v. 



Remark 2.6. Let (Xi,Ti) and {Xi^T-i) be 2n-dimensional manifolds equipped 
with C local T"-actions. Suppose that there is a C isomorphism fx '- (-^i,^i) — »■ 
[Xi, T2)- Then, fx induces a stratification preserving homeomorphism fs ' Bxi 
Bx2 such that fx and fs satisfy 11x2 ° fx = fs ° jJ-Xi - In Section [6l we classify 
local torus actions up to isomorphisms. 

Let {X, T) be a 2n-dimcnsional manifold equipped with a C" local r"-action. 
By Proposition 12.41 Bx is equipped with a natural stratification. We denote by 
S^^^Bx the /c-dimensional part of Bx, namely, S^'^^Bx consists of those points 
which are sent to points in iS^'^^K" by a local coordinate system. In particular, the 
top-dimensional part S^^^^Bx is equal to the interior of Bx- 




FiGURE 1. The natural stratification when Bx is a triangle 
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Proposition 2.7. For each k, the restriction ^x|5(fc)Bx ' A'x^l'^^'^-'-Bx) ~* S'^^'^Bx 
of iix to S^^^Bx admits a structure of a C fiber bundle whose fiber is . In 
particular, ^jl,x\s^") Bx ' l^x^ i^^"^^ x) ~* S^^^^Bx is a C fiber bundle whose fiber is 
T" and whose structure group is the semidirect product T" x Aut(T") of T" and 
Aut(T"). 

Proof. It is sufBcicnt to prove the proposition connected componentwise. Let 

[S'^^^Bx)a (a = Ij • • ■, 'Ti) be tlie connected component of S'^^^Bx- We talce a 

weakly standard atlas {(C/^, (p;^')}^^^ S T. It induces an atlas {(C/^, 

of Bx which satisfies the property in Remark 12.51 Let {U^,(p^) be a coordinate 

neighborhood with {S'-'''>Bx)a n f/f 7^ 0. Then {S'-'''>Bx)a n C/f is represented as 

common zeros of some exactly n — k components, say ip^^^, ■ ■ ■ , 'Pai„-k^ 

namely. 

(5(^-)i?x)a n = {6 e : = = (6) = 0}. 

We put 

Tii,...,i„_fc := {u e T": = 1 unless j ^ ii, . . . ,in-k}- 

Note that T'^ /T,^,...,i^_^ is identified with T'^. Let t: M!^ ^ C" be the section of 
/iC" : C" ^ K" which is defined by 

(2.2) i{o--={i\'\---,ej^)- 

By Proposition 12 . 1 1 the equation 

(a;) = Wq(x) ■ Loip^o iix{x) 

uniquely defines the map it„ : ^^'^{{5'-''^ Bx)a n t/f ) ^ T"/r,i, . We define 
the local trivialization : ^'^'^{{5''''^ Bx)a H [7^^) ^ {S'^^^Bx)a nU^ x T'' by 

(2.3) (t>aix) := {p.x{x),Ua{x)) , 

where we used the identification T'VT.^, ^ T''. This proves the first half. 
Next we prove the other part. For k ~ the direct computation shows that on a 
nonempty overlap t/^^^ \ dBx , 

(f)a O 0/3 ^ (fc, u) ^ (6, Pafs{u)Uaf3{b)) 

for (6, m) e f/^^ \ dBx x T", where Uap is the map Uq,^ : U^p \ dBx T" which 
is defined uniquely by 

(2.4) <^^^ OLO^^ib)^ U^l3{b) -LOip^ib). 

This implies that the transition function with respect to (j)a and 0/3, which is denoted 
by gap, is of the form gapib) = {uafs{b), p^p) € T" xi Aut(r"). □ 

3. Examples 
3.1. Locally standard torus actions. 

Definition 3.1 (Locally standard torus actions). Let X be a 2n-dimensional C°° 
manifold equipped with a C°° r"-action. A standard coordinate neighborhood of X 
is a triple (C/, p, p) consisting of a r"-invariant open set U of X, an automorphism 
p of T", and a p-cquivariant diffeomorphism ip from [/ to some T"-invariant open 
subset in C". The action of T" on X is said to be locally standard if every point 
in X lies in some standard coordinate neighborhood and an atlas which consists of 
standard coordinate neighborhoods is called a standard atlas. 

See [ini H] for more details. A standard atlas is weakly standard. Therefore, a 
locally standard T"-action on a closed C°° manifold X induces a local T"-action 
on X . We give examples of locally standard torus actions. 
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Example 3.2. An effective C°° T^-action on a 4-dimensional C°° manifold X 
without nontrivial finite stabilizers is locally standard because of the slice theorem. 
These actions have been studied by Orlik-Raymond in [3T] . 

Example 3.3 (Nonsingular toric varieties). A complex ??-dimensional toric variety 
is a normal complex algebraic variety X of dimension n with a (C*)"-action having 
a dense orbit. T" acts on X as a subgroup of (C*)". If X is nonsingular, the 
T"-action on X is locally standard. In fact, it is well-known that there is a one-to- 
one correspondence between toric varieties and fans, and top-dimcnsional cones in 
the fan associated with X correspond to standard coordinate neighborhoods all of 
which cover X since all cones are nonsingular. For toric varieties, see [51 [T^ [50] . 

Example 3.4 (Quasi-toric manifolds). A quasi-toric manifold is a C°° manifold 
equipped with a locally standard torus action whose orbit space is combinatorially 
isomorphic to a simple convex polytope. A quasi-toric manifold was first introduced 
by Davis- Januszkicwicz in their pioneer work [lOj as a topological generalization 
of a projective toric variety and now, it plays a central role in toric topology. See 
[TU} [5] for more details. 

Note that an existence of a local T"-action does not necessarily imply an exis- 
tence of a locally standard r"-action. For example, a nontrivial fiber bundle on 
an n-dimensional closed manifold whose fiber is T" and whose structure group is 
Aut(r") is equipped with a local r"-action which is not induced by any locally 
standard r"-action. In general, for any C" local r"-action T on X, we take a 
weakly standard atlas {{U^ ,ip^)}a(^A e T. We denote by {{U^ ,(p^)}aeA the 
atlas of Bx which is induced by {{U^ ,tp'^)}aeA and satisfies the property in Re- 
mark [SHI Assume that the index set A is countable ordered. It is easy to sec that 
the automorphisms p^p of T" in the property (ii) of Definition 11.11 form a Cech 
one-cocycle {pap} on U := {C/^}o,g^ with values in Aut(r"). By definition, two 
one-cocycles {pap} and {/o^^} on U are equivalent if and only if there is a Cech 
zero-cochain {pa} such that 

on each overlap ?7^^. Wc denote the set of equivalence classes by H^{U; Aut{T")) 
and also denote its direct limit \imH^{U;Aut(T"')) with respect to refinements of 

U by Aut(T")). See [24l Appendix A] for more details, {pap} determines 

an equivalence class in H^{Bx', Aut{T"')). It docs not depend on the choice of 
equivalent weakly standard atlases and depends only on the local r"-action. The 
equivalence class of {ppa} hi Aut(T")) is an obstruction for the local T"- 

action to be induced by a locally standard r"-action. 

Proposition 3.5. A C local T^-action T on X is induced by some C locally 
standard T"- -action if and only if {pafs} 'is equivalent to the trivial Cech one-cocycle 
in H^{Bx; Axit{T"')), where the trivial Cech one-cocycle is the one whose values on 
all open set are equal to the identity map of T" . 

Proof. If a C local r"-action T on AT is induced by some C locally standard 
T"-action, then there exists a standard atlas {{U^ , pa, fa)} in such that pap 
is of the form p^p = Pa ° Pp^ on each overlap U^^. This implies that {pap} is 
equivalent to the trivial Cech one-cocycle. 

Conversely, assume that {pap} is equivalent to the trivial Cech one-cocycle in 
i/^(_Bx; Aut(r")). By replacing the open covering of Bx by a refinement if nec- 
essary, we may assume that there exists a Cech zero-cochain {pa} on {U^} such 
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that Pa° Pp^ = Pap for each U^^. Then we can define the T"-action on X by 

u-x:= {^^)-\p^{u)-^^{xj) 

for u <E T" and x <E X provided that x hcs in p^{U^). The action is wcU-defined 
because if x also hes in p^^{Up ), 

= iv'arHpMppiu)) ■ ^^pivfix))) 

= iv^)-\^UPf^{u)-^^ix))) 
= {v^)-\pp{u)-^^{x)), 

and for ui, U2 € T", 

ui • iu2 ■ x) = i^^)-\pM ■ ^^{{v^rHpM ■ ^^{xM 

= {V^)-Hpa{uiU2)-V^{x)) 
= (U1U2) • X. 

□ 

We can construct an example of a local torus action which is not induced by any 
global torus action. 

Example 3.6. Let i? be a two-dimensional C°° torus with one boundary compo- 
nent and one corner points (see Figure [5]) . We construct a four-dimensional C°° 




Figure 2. B 



manifold X equipped with a C°° local T^-action whose orbit space is B as fol- 
lows. First we focus on the interior B \ dB of B which is denoted by Bi. Let 
p: TTi{B){= TTi{Bi)) — > SL2{'Z) be the representation of the fundamental group 
which is defined by 

p(H) = (_\ ?) , pm) = (J, "1^) , pib]) = (_\ J) , 

where a, (3, and 7 arc representatives of generators of 7Ti{B) which satisfy the 
relation [a][/?]H-i[/3]-i[7] = 1 (see Figure d]). We identify with R^/Z'^ and 
denote by ttt-T^^ Bi the associated T^-bundle of the universal covering of Bi 
by p- 
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Next we pay attention to a neighborhood of the boundary dB of B. We define 
subsets B2, Ui, and U2 of by 

^2 = {e e : < Ci < 4, < 6 < 1} U e : < 6 < 1, < 6 < 4}, 
C/i = {eeK': 3<6 <4, 0<C2 < 1}, 
C/2 = {C e R2 : < ^1 < 1, 3 < ^2 < 4}, 
and also define diffeomorphisms (p^ : Ui ^ U2 and ip^ : ^^l{Ui) ti^l{U2) by 

= (6,7-6), 

Note that ip^ and ip-^ satisfy 

(3.1) flc^ o Lp^ = Lp^ o . 

We denote by X2 the manifold which is obtained from ^'^1{B2) by gluing ^'^l{Ui) 
and ^i^l{U2) with (^''^ and denote by B2 the surface with one corner which is 
obtained from B2 by gluing Ui and U2 with (p^ . B2 can be identified with a neigh- 




FlGURE 3. B2 

borhood of dB. By (|3.ip . /ic2 descends to the map from X2 to _B2- Wc denote it by 
1^2'- X2 — > B2- It is easy to see that the restriction M2|^-i(BinB2) ' l^2^i-^i r\ B2) 
Bi n i?2 is a fiber bundle with fiber and structure group SL2{1) which is iso- 
morphic to 7rT|sinS2- ^p|BinB2 ^ Bi C] B2 because they have the same mon- 
odromy. Thus we can glue ttt : Tp — > Bi and ^2- X2 ^ B2 together to get the map 
fi: X B. By the construction, X is a C°° four-dimensional manifold equipped 
with a local T^-action whose orbit space Bx and orbit map i^ix are equal to B and 
/U, respectively. Note that /i is C°° in this example. 

3.2. Locally toric Lagrangian fibrations. Let {X, uj) be a 277,-dimensional closed 
C°° symplcctic manifold and B an n-dimcnsional C°° manifold with corners. 

Definition 3.7 (Locally toric Lagrangian fibrations [121 Definition 2.7]). A C°° 
map fi : (X, to) B is called a locally toric Lagrangian fibration if there exists a 
system {{Ua, fPa)} of coordinate neighborhoods of B modeled on R" , and for each 
a there exists a symplcctomorphism 1^9;^ : {ii~^{Ua),u>) {ii^^{ip-^{Ua)),uJC") such 
that fiC" ° fa = fa ° fJ- 

Example 3.8. A moment map of a symplcctic toric manifold is a locally toric 
Lagrangian fibration. 

Example 3.9. Let WRnxT" be the standard symplcctic structure on M" x T" which 
is defined by 

n 

(3.2) ujM^xT^ = d6>fc A d£,k, 

k=l 
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where (^i, . . . ,£,n) is the standard coordinates of R" and (6'i, . . . ,6'„) is the an- 
gle coordinates of with period 1, which means (e^'^^S . . . ,6^^^^") G T". Then 
the projection prj^ : (R" x T", o^riixT") ^ R" to the first factor is a nonsingular 
Lagrangian fibration. It is easy to see that prj^ : (R" x T", wr^xT") ^ R" is a 
noncompact locally toric Lagrangian fibration. 

The Arnold-Liouvillc theorem [J says that pr^ : (R" x T", wr^xT") ^ R" is the 
local model of a nonsingular Lagrangian fibration. 

Theorem 3.10 (Arnold-Liouvillc [T]). Let ji: {X,lo) B be a nonsingular La- 
grangian fibration with closed connected fibers on a closed manifold. Then for each 
b £ B there exists a coordinate neighborhood ([/, (p^) and there also exists a symplec- 
tomorphism ip-^ : {ii^^{U), uj) {(p^ (U) x T", WRnxT") such that pii oip-^ = ip^ ofi. 

Therefore, a nonsingular Lagrangian fibration with closed connected fibers on a 
closed manifold is also a locally toric Lagrangian fibration. Nonsingular Lagrangian 
fibrations on closed oriented surfaces have been investigated by Mishachev. In 
he showed that the complete list of nonsingular Lagrangian fibrations on closed 
oriented surfaces. According to it, if a closed oriented surface i? is a base of a 
nonsingular Lagrangian fibration, then B is T^. Moreover, concrete constructions 
of all these have been given in |f 6| . 

Example 3.11. We can construct an example of locally toric Lagrangian fibrations 
as follows. For a sufficiently small positive number e (1 e > 0), let 17 be the 
open subset of (C^,a;c2) which is defined by 

U -.^ {z e : zi ^ 0, |z2p > l^ip - (1 + £)}. 

acts on (J7, wca) by 

u ■ z := (zi, u~^Z2) 

for u E and z ElJ . This action is Hamiltonian and the map ^51 : J7 — > R defined 

by 

l^S^{z) := I - 

is a moment map of this action. We denote by X the cut space by the symplectic 
cutting with respect to the S'^-action, namely, X is the quotient space 

X := {(z, w) e [/ X C: I - |z2p - \w\^ = 0}/5^ 

by the S^-action 

u ■ (z, w) := (zi, u~^Z2, u~^w). 
By [21], X is a symplectic manifold and the restriction of the standard T^-action 
on to U induces a Hamiltonian T^-action on X with a moment map 7i([-z, w\) := 
(|zip, |z2p). We denote by B the image of /!• B is written by 

s = e r2 : a > 0, < 6 < 1, 6 > a - (1 + £)}■ 
Let Xi and X2 be the open subspacc of X which are defined by 
Xi :={[z,i«]eX: |zip<e}, 

X2 ■.= {[zM^X: |zi|2-(l+e) < |z2p < jzip - 1}. 
We define the diffcomorphism p-^ : Xi ^ X2 by 

<^^([z,H) [((zi/|zi|)VkiP + |z2P-t-l, (zi/|ziriz2) ,w 

It is easy to see that ip-^ is well-defined and preserves symplectic structures of Xi 
and X2 induced by the symplectic structure on X. The images of Xi and X2 by 
77 are open subset of B which are written by 
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^P'^ covers the diffeomorphism ip^ : ^(-^^2) by 

(^^(C) := (6+6 + 1,6). 
This means that they satisfy 

(3.3) Jl o Lp-^ = ip^ o /J. 
We define X to be the quotient space 

X ■.= X/ ^x, 

where '^x [z2,W2] if and only if [2^,11;^] G Xi for i = 1,2 and [^2,^2] = 

(fi^ {[zi,wi]) and also define B to be the quotient space 

where ^ ~b 77 if and only if ^ € Jl{Xi), rj e Ji{X2), and rj = ip^{^). Since Jl satisfies 
p.3p . it descends to the map n: X B. By the construction, the symplectic 
structure on X induces a symplectic structure w on X so that /x: {X,uj) B is a 
locally toric Lagrangian fibration. 

We show that a locally toric Lagrangian fibration is endowed with a C°° local 
torus action. First we recall the following fact about automorphisms of the lo- 
cal models of a nonsingular Lagrangian fibration. In this lemma we identify an 
automorphism of T" with an clement of GL„(Z). 

Lemma 3.12 ( |321 Lemma 2.5]). Let ip be a fiber-preserving symplectomorphism 
ofwi - (R" X T",a;H..xT") ^ K"- Then, is of the form (piS„u) = (p~^(6 + 
c, p(m)/(6) /o'' some p £ Aut(T"), c G M" and a Lagrangian section f ofpvi : (M" x 
T", Ci;K"xT") — *■ K", where p~'^ is the transpose inverse of p. The latter means that 
/*cjRnxT" vanishes. 

We show the following proposition. 

Proposition 3.13. Let p: {X,lu) B he a locally toric Lagrangian fibration on 
an n-dimensional base B and {(C^a, V'q , )} ^ system of local identifications of p 
with Pen. Then, on each nonempty overlap Uap Uaf^Up, there exists an element 
Pap G Aut(r") such that (p-^ o [ip-p]^^ is pap-equivariant. 

Proof. First we focus on the interior B\dB of B. Since the restriction of p : {X, uj) 
B to B\dB is a nonsingular Lagrangian fibration, it is locally identified with the lo- 
cal model. In fact, we can construct local identifications explicitly. For each a, ip^ 
sends {p^^{Ua \ dB),uj) fiber-preserving symplectomorphically to {p^^{(p^{Ua \ 
dB)),ujcn) which covers ip^. We define a fiber preserving symplectomorphism 
vc- : ((^f ([/<, \ dB) X r",a;R.xT") ^ (Mc"(<^f (t^- \ dB)),ujc-) by 

(3.4) z.c"(6") :="-^(6, 

where t is the map defined by (HH]). Note that T" acts on ip^{Ua\dB) x T" by the 
multiplication to the second factor and t^c" is equivariant with respect to this action 
and the standard representation of T" . Thus o ip-^ is a local identification. 

On each nonempty overlap Uap, by applying Lemma l3.I2l to the fiber preserving 
symplectomorphism ^'c„^o(p^o((p|^)-ioj/c-> : {^p^ {Uaf3\dB),LURn ^t^) {faiUapX 
5i?),tt'RiixT'>), oil there exists an automorphism pap € Aut(T") such that 
^C" ° '^a ° iffi)^^ ° ^C" is Pc(/3-equivariant. Since i^c" is equivariant and p^^[Uai3 \ 
dB) is open dense in p^^{Uaf}), the overlap map ip-^ o {pp)~^: p^^ {tpp {Uap)) 
l^C" (fa {Uap)) is also pa^-equivariant. □ 
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This implies that {{ii~^{Ua), (fi^)} is a weakly standard atlas of X. Hence, X 
is equipped with a C°° local T"-action. It is obvious that the orbit space and the 
orbit map of the local T"-action on X are naturally identified with B and /.j. In 
Section [7l we will see a necessary and sufficient condition in order that a manifold 
with a local torus action becomes a locally toric Lagrangian fibration. 

3.3. New local torus actions from given ones. When a local torus action is 
given, we can construct new local torus actions from the given one. 

Example 3.14 (fiber products). Let {X, T) be a 2n-dimcnsional manifold equipped 
with a C local r"-action. Suppose that f : B' ^ Bx is a stratification preserving 
locally homeomorphism from an n-dimensional C° manifold B' with corners to Bx ■ 
Then it is obvious that the fiber product f*X := {(6', x) &B' xX: f{b') = ijlx{x)} 
of / and fix is equipped with a C" local T"-action whose orbit space is B' . 

Example 3.15 (blowing-ups). Let {X,T) be a 2n-dimensional manifold equipped 
with a C°° local T"-action. Let x ^ X. Suppose that there exists a coordinate 
neighborhood (C/"^, ^p'^) in a weakly standard atlas of T such that tp-^ sends x to 
the origin of C". For a sufficiently small positive real number e > 0, we denote by 
ip^{U^)>e the quotient space of {{z,w) G ip^{U^) x C: - |wp = e} by the 
circle action defined by 

t ■ {z,w) := (tzi, . . . ,tzn,t~'^w). 
It is easy to see that •p^{U^)>^ is smooth and T" acts on ip^{U^)>e by 

u ■ [z, w\ := [u • z, w]. 

Let -De(O) be the closed disc in C" centered at the origin with radius e^/^. We 
define the diffeomorphism from the open set ip-^{U^) \ 0^(0) to {[z,w] G 
^^(C/^)>e: u;^0}by 

for z e ip-'^{U^)\D^{Q). It is easy to see that is an equivariantly diffeomorphism. 
By removing {(p-^)~-^{D^{Q)) for a sufficiently small e > from X and gluing 
X \ {(p-^)~^{Dg(0)) and cp^ {U^)>e by o (p^, we can obtain a new manifold 
equipped with a C°° local r"-action. We call it the blowing-up of X at x. This is 
a C°° aspect of the symplectic blowing-up by Guillemin-Sternberg in [17] . 

Example 3.16 (connected sums). Let {Xi,Ti) and (^2,72) be 27i-dimensional 
manifolds equipped with C" local T"-actions. Suppose that {U-^^, f'^^) and {U^^ , 
(f^^ ) are coordinate neighborhoods in weakly standard atlases of Ti and T2 such 
that both ip^'^ and i/?^^ send U'^^ and If-^^ C" diffeomorphically to a same T"- 
invariant open set of C". Then we can perform the connected sum Xi4t^X2 and 
the obtained manifold Xi^X2 has a C" local T"-action whose orbit space is the 
connected sum Bx^ #-8x2 • 



4. Characteristic pairs and canonical models 

In this section, we introduce a characteristic pair and construct a canonical model 
from a characteristic pair. Both of them will play important roles in the rest of 
this paper. We also show that a characteristic pair is associated with a local torus 
action. 
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4.1. Characteristic pairs. Let B be an n-dimensional C° manifold with corners. 
We assume that dB ^ 0. By the definition of a manifold with corners, B is equipped 
with a natural stratification. We denote by S'^'^^ B the fc-dimensional part of B. Let 
A be the lattice of integral elements in the Lie algebra t of T" , namely, 

A := {t e t: expt = 1}. 

Since the differential of any automorphism of T" at the unit element preserves A, 
by assigning to an automorphism of its differential at the unit element, there 
is a natural homomorphism from Aut(T") to GL(A). It is an isomorphism. In 
fact, it follows from the surjectivity of the exponential map of T" and the equation 
(/soexp = cxpodip for any automorphism ip e Aut(T"). In the rest of this paper, we 
identify Aut(r") with GL(A) by this isomorphism. Let irp: P ^ B he a principal 
Aut(T")-bundle on B and tt\ : Ap — > B the associated A-bundle of P by the above 
isomorphism Aut(T") = GL(A). Suppose that nc'- C S'^'^^^^B is a rank one 
subbundle of the restriction tta\s("-i-) b ■ Ap|5(,.-i)B —> S'^^^^^^B of tta: Ap —> B 
to For each k and any point b e S'^'^^B, let U be an open neighborhood 

of b in B on which there exists a local trivialization ip-^ : 7r^^(C/) U x A of Ap. 
By shrinking U if necessary, we can assume that the intersection U n S^'^~^^B has 
exactly n — k connected components, say, {U r\ S^"-~^^ B)i, . . ., ([/ n 5^"~^^i3)„_fe. 
Since A is discrete, for each {U (1 S'^"-~^^B)a there exists a rank one sublattice 




Figure 4. An open neighborhood U when S is a triangle and b G iS'^-'B 
La C A such that ip^ sends tt^^ (([/ n 5("-i)S)a) fiberwise to {Ur\S'^"'-^^B)a x La 

TTl^{U) ^ C/xA 

U U 
7r^'((t/n5("-i)B)a) - (C/n5("-i)B), X A 

u u 

Definition 4.1. tt^: £ ^ S^"^^^^ B is said to be unimodular if for each fc and any 
point 6 e S^'^^ B, the sublattice Li + • • • + L„_fc generated by the above rank one 
sublattices Li, . . ., Ln-k is a rank 77, — fc direct summand of A. (In [TU] such a 
sublattice is called an (n — k)- dimensional unimodular subspace of A.) 

Of course, Li, . . ., in-fc themselves depend on the choice of a neighborhood U 
and a local trivialization ip^, but Definition 14.11 does not depend on the choice of 
them because unimodularness is invariant by an automorphism of A. 

Definition 4.2. Let nc- C ^ 5("^i'i? be a unimodular rank one subbundle of 
TTA\s(r^-i)B- Ap|5(„-i)B ^ S^"-^^B. Then the pair {P,C) of np: P ^ B and 
7r£ : £ ^ S'^^'^^^B is called a characteristic pair and ttc - C ^ S'^^'^^'^B is called a 
characteristic bundle. 
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Let {X, T) be a 2n-dimensional manifold equipped with a local T"-action. We 
show that there is a characteristic pair associated with (X, T). Let {{U^ , ip-^)}ai^A S 
T be the maximal weakly standard atlas. It induces an atlas {(f/^, (/s^ )}Q,gyi of 
Bx which satisfies the property in Remark 12.51 and also determines a Cech onc- 
cocycle {pap} on {U^}aeA with coefficients in Aut(T"). It defines the principal 
Aut(r")-bundlc ttp^ : Px ^ Bx on Bx by setting 



(4.1) P: 



X 



■■= (^Ilc/f xAut(T")^/ 



where {b^, h^) E x Aut(r") --p [bp^hfj] e x Aut(r") if and only if = 
bp G and h,^ ~ Pap ° hp. The bundle projection np^ is defined by the obvious 
way. For each a, every point in TTp^ {U^) has a unique representative which lies in 
X Aut(T"). By associating a point in TVp^ {U^) with the unique representative, 
we define the local trivialization of Px on which is denoted by (p^ : TTp^ {U^) — > 
C/f X Aut(r"). Note that the following equality holds for {b,h) e C/f^ x Aut(T") 

(4.2) ^Pp{b, h) := o (^^)-i(&, h) = {b, p^p o h). 

We denote by tta^ : Ax Bx the A-bundle associated with Px- We show 
that the property (ii) in Definition 11.11 determines a unique unimodular rank one 
subbundle of tta^ |5('>-i)_Bx ■ ^-f I5<"-i'-Ba' ~^ S^^'^^Bx- For each coordinate neigh- 
borhood {U^,'Pa) of Bx with n ^ 0, T" acts on the preimage 
Mc" i'fia i^a ^ Bx)) as the restriction of the standard representation of T". 
For simplicity, we assume that the intersection nS^"~^^ Bx is connected. (Oth- 
erwise, we may consider componentwise.) Then, fi^^ {fai^a ^ Bx)) is fixed 
by a circle subgroup of T". We denote the circle subgroup by and also denote 
the rank one sublattice of A spanned by the integral element which generates S'^ by 
£q. Suppose that {U^,(f^) and {Up,ipp) are coordinate neighborhoods satisfying 
the above conditions and the intersection U^p n S^'^~^'>Bx is nonempty. 

Lemma 4.3. Under the identification Aut(T") = GL(A), the automorphism p^p 
of in the property (ii) of Definition [LD sends Cp isomorphically to Ca- 

Proof. Since f-^p is a pa/j-equivariant homcomorphism, the automorphism p^p of 
T" sends isomorphically to 5^. See Proposition 12.21 Therefore, pap also sends 
Cp isomorphically to £„. □ 

By the construction of tta^ : Ax Bx , there exists a local trivialization </j^ : 
TT^j^ (U^) X A of TTAx : Ax — * Bx on each such that on an overlap U^p 

the transition function with respect to (p^ and (pp is pap. We take a subsystem 
{iUZ^fZ)}iei of {iU^,ip^)}aeA which covers S^'^-^'>Bx. By Lemmag^l we can 
obtain the rank one subbundle 7r£^ : Cx 5'"~^-'i?x ofn\^\g(„-i)g^ : Ax\s(t^-i)Bx 

5("-i)Bx by setting 



(4.3) 



Cx ■■= (^u^^ns^'^-'^Bx X C^^ I 



where (6,,/,) e V^^ OS'^^'-^^Bx x {bjj^) S C/f^. n ^("-i^Bx x if 

and only if bi — bj and li = pa-cij{lj)- By the construction, it is easy to see 
that TTCx ■ ~* S^'^^^^Bx is unimodular. As a summary, we have the following 
proposition. 
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Proposition 4.4. Associated with a local T"-action T on X , there exists a char- 
acteristic pair (Px,J~-x), where Px and Cx are defined by (|4.ip and ()4.3p . respec- 
tively. 

Example 4.5. For a 2n-dimcnsional manifold X equipped with a locally stan- 
dard r"-action, np^ : Px ~* Bx is the product principal Aut(r")-bundle Px = 
Bx X Aut(r"). Let (5^"~^^-Bx)o (a = l,...,fc) be the connected component of 
Then each preimage /U^^((iS^" Bx)a) is fixed by a circle subgroup S\ 
of T". Let La be the rank one sublattice in A corresponding to 5^. Then, Cx is the 
disjoint union Ua('^'"~^^^^)a ^ ^a- -'^^ particular, if X is a quasi-toric manifold, 
Cx is essentially nothing but the characteristic function. Since Cx is unimodular 
for a locally standard r"-action on X, it is easy to see that Bx is nice, namely, each 
connected component of a /c-dimensional part S^'^'^B of B is contained in exactly 
n — k facets. 

Example 4.6. In the case of Example 13. 61 we identify A with Z® Z and also iden- 
tify Aut(T2) with GL2(Z). Then, ttp^ : Px ^ B is the principal Aut(r2)-bundle 
associated with the universal covering of B by p. The restriction of tta^ : Ax B 
to (in this case, 71 = 2) and the characteristic bundle ncx ■ S'-^W are 

obtained by gluing two pairs 

(UeS2:0<a, 6 = 0}x A,{eeS2: 0<ei, 6 = 0} x ({0} ® Z)) 

and 

({^£^2:6=0, < 6} xA,{ee 52:6=0, < 6} x (Z ffi {0})) 

of trivial A-bundles and their rank one subbundles with the map ip\ : G C/i : < 
a, 6 = 0} X A ^ e C/2: a = 0, < 6} X A defined by </.a(6A) := 
(^b(0,p(7)(A)). 

For z = 1, 2, let -B; be an n-dimensional C*^ manifold with corners and {Pi,Ci) a 
characteristic pair on Bi. 

Definition 4.7. An isomorphism fp: (Pi,£i) ^ (P2,'C2) between characteris- 
tic pairs is a bundle isomorphism /p : Pi — ^ P2 which covers a stratification pre- 
serving homeomorphism /b'-Bi —^ B2 such that the lattice bundle isomorphism 
/a : Apj ^ Ap2 induced by fp sends Ci isomorphically to £2- (Pi, -Ci) and (P2, £2) 
are isomorphic if there exists an isomorphism between them. 

The isomorphism class of the characteristic pair (Px,Cx) is an invariant of a 
local T"-action on X. 

Lemma 4.8. For i ~ 1,2, let {Xi, %) be a 2n- dimensional manifold with a local T"- 
action. If there is a isomorphism fx'- (Ai,71) {X2,T2), then fx induces an 
isomorphism fp^ : (Px^, Cxi) ^ {Px2t ^X2) between characteristic pairs associated 
with Xi and A2. 

Proof. Let {(C/^S ' )}/3ei3 e T^i and {{U^\Lp^^)}o,eA e T2 be maximal weakly 
standard atlases of Xi and A2, and {{U^^, ^^^)}/3ee and {{Uj^^, atlases 
of Bxi and induced by {{Uf\ipp^)}i3eB and {(f/^^ vs^^)}^^^, respectively. 
Suppose that fx'- {Xi,Ti) (^2,72) is a C° isomorphism and fs'- Bxi ~> Bx2 
is the homeomorphism induced by fx- By definition, on each nonempty overlap 
n {fB)~^{U^^), there exists an automorphism p^^ of P" such that (/j^^ ° fx ° 
{ip^^)~^ is p^^-equivariant. It is easy to see that the following equality holds 

(4-4) P^o,/3o ° P^oW = ^"o«i ° pLp, 
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on a nonempty intersection U^^^^ n (/b) ^{U^;^^J, where p^^^^ and pf^^^ are 
automorphisms of T" in (ii) of Definition 11.11 with respect to Xi and X2, respec- 
tively. We define the bimdle isomorphism {fp)ap- U^' n fg^U^^) x Aut(T") ^ 
fB{U^')nUS^ xAnt{T^) by 

(/p)„^(6,M (/B(6),p^^o;i). 

Then, ()4.4p imphcs that the equation 

(/p)qo/3o ° V^^/3i = 'y^r.ii'Qi o (/p)qi/3i 

holds on C/^^'g^ n /B^(C/a„^aJ, where 93^^^^ (rcsp. (fiaoii) is the overlap map de- 
fined by (1321) for TTp^^ : Pyi ^ Bx^ (rcsp. ttp^^ : Px^ ) on J/^^^^^ (rcsp. 
^aoai)- Therefore, we can patch them together to obtain the bundle isomorphism 
fp : Pxi Px2 which covers Jb ■ This proves the lemma. □ 

4.2. Canonical models. In (TUl Section 1.5], Davis-Januszkiewicz constructed the 
canonical model of a quasi-toric manifold from the based polytopc and the charac- 
teristic function. A similar construction can be done by using a characteristic pair in 
the following way. Let B be an n-dimcnsional C° manifold with corners and (P, C) 
a characteristic pair on B. We denote hy ttt '■ Tp B the r"-bundle associated 
with P by the natural action of Aut(r") on T". First we shall explain that for any 
fc-dimensional part S'^^'^B, {P,C) determines a rank n — k subtorus bundle of the 
restriction oi ttt '■ Tp ^ B to S^'^^B. Let {Ua} be an open covering of B such that 
on each Ua there exists a local trivialization ip^ : np^{Ua) Ua x Aut(T"). On 
each nonempty overlap Uap we denote by pap the transition function with respect 
to ipa and (fp, namely, 

^^oi^P)-\b,f) = ib,Papf) 

for (6,/) £ Ufj X Aut(T"). Note that pa/3 is locally constant since Aut(T") is 
discrete. For simplicity we assume that each Uap is connected so that paf3 can 
be thought of as an element of Aut(r"). cp^ induces a local trivializations of the 
associated bundles Tp and Ap which are denoted by ip"^ : ■K^^{Ua) ^ UaXT"' and 
ft ■ T^I^iUa) -^UaxA, respectively. For S'^'^^B we take Ua with UaHS'-'^^B ^ 0. 
By replacing Ua by a sufficiently small one if necessary, we may assume that the 
intersection Ua H has exactly n — k connected components, say ([/„ H 

• • • , {UaC] 5("-i)B)„_fc. For fc = n, this means that Ua is contained 
in S^^^B. For k < n, there are n — k rank one sublattices Li, . . ., Ln-k of A such 
that for a = 1, . . n — k ipa sends the restriction of tt^ : £ — > S^"^^^^ B to (Ua H 
iS^"~^-*i?)a isomorphically to the trivial rank one subbundlc {Ua H 5^"^^-'i?)Q x La 
of (t/an5("-i)B)a X A. Since C is unimodular, Li, . . ., Ln-k generate the {n — fc)- 
dimensional subtorus of T" which is denoted by ■^£/^n5(''>B- For k — n, we define 
Zjj n5(n)B to be the trivial subgroup. Note that when {P,C), {Ua}, and (Pa are 
induced by some local r"-action T on AT, Zjj^p^g(k)B^ is the common (n — fc)- 
dimensional stabilizer of r"-action on p.^l(Ua H S'--''^ Bx)- 

Suppose that another U/j satisfies the above condition and Uap n S'-'^^B ^ ^. 
By the definition of {P,C), pap sends ^(y^^nsc^'Sx isomorphically to ^[/„n5<'=)Sx ■ 
Hence, by patching them together by using paps, we obtain a rank n — k subtorus 
bundle, which is denoted by ''^z^^k•)g ■ ^swb iS^'^-'B, of the restriction of ttt' Tp ^ 
B to ^('^^B. 

Definition 4.9. We define two elements t, t' E Tp to be equivalent or t ^can t' if 
T:j.{t) = TTrit') and t'tr'^ e tt^^ ^ (T^rit)) provided that Trrit) lies in S'^'^^B. Note 
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that a fiber of ttt '■ Tp —^Bis equipped with the structure of a group since its 
structure group is Aut(T"). 

We denote by X(p.£) the quotient space of Tp by the equivalence relation. The 
bundle projection ttt- Tp B descends to the map fiX(pc) ■ ^(p,£) ^ B. Since 
C is unimodular and B is a manifold with corners, by the same way as in Davis- 
Januszkiewicz [TUl Section 1.5], or Masuda-Panov [571 Section 3.2], we can show 
that X(^p Q is equipped with a C° local T"-action whose orbit space is B and 
whose orbit map is /ijc^p . 

Definition 4.10. We call X(p£-) the canonical model associated with {P,C). In 
particular, when (P, £) is the characteristic pair {Px, ^x) of a local r"-action T on 
a 2n-dimensional manifold X, we also call X(^p^ £^-^ the canonical model associated 
with(X,r). 

Note that by the construction, a fiber of nx^p £) : -^(px) — * B admits a group 
structure. 

We give properties of a canonical model. 

Proposition 4.11. For a characteristic pair {P,C), ^J■x^p c) ■ ^(P,£) ^ ^ admits 
a C*^ section. 

Proof. Since a fiber of ttt ■ Tp B admits a structure of a group, it admits the 
section which assigns to an element b € B the unit element of 7r^^(6). The compo- 
sition of this section and the natural projection from Tp to ^(p,£) defines the C° 
section s of fJ-x^p c) ■ Xi^px) B. □ 

Proposition 4.12. For a 2n- dimensional manifold (X, T) equipped with a local 
T"-action, we denote the associated T"'-bundle Tp^ of Px by tttx ■ Tx ^ Bx for 
simplicity. ThenTx acts fiberwise on X . Similarly X(^p^£^^ also acts fiberwise on 
X. For any b G Bx the action of jj.^^^ ^^{b) on ii^^{b) is simply transitive. 

Proof. Let {{U^ , (p-^ )}aeA G T be a weakly standard atlas of X and {{U^ , (p^)}aeA 
the atlas of Bx induced by {{U^ , Lp^)}aeA- For b G Bx which lies in , the ac- 
tion of TT^^ (6) on (b) can be written by 

for t e 7i'y^(6) and x G fi^^{b), where (p'^{t) = {b,ta). Recall that 7r^^([/^) 

X T" denotes the local trivialization of Tx which is induced by the local trivi- 
alization ip^ of Px. It does not depend on the choice of . In fact, suppose that 
b also lies in and </jJ(t) = {b,tp). Since the transition function of and ify^ is 
Pap: we have ta = Papitp). By using the pc^-equivariantness of </3^^, 

{pf)-\t^ ■ ip^{x)) = (<^^)-l o ip^^{pap{tp) ■ pIi, o pf,{x)) 

By Proposition 12.11 and the construction of Xi^p^Xx)-: for each b G Bx the action of 
TTy^ (6) on [i^ (6) descends to the action of [i^ ^ ^ (b) on fi^^ (6) which is simply 
transitive. □ 

Lemma 4.13. For i ~ 1, 2, let Bi be an n-dimensional C° manifold with corners 
and [Pi, Li) a characteristic pair on Bi. Then, any isomorphism fp: (Pi,£i) —>■ 
{P2,€.2) induces the C° isomorphism fx^pc) '■ ^(Pi,£i) ~^ ■^{P2,C2) between canon- 
ical models of (Pi, Ci) and {P2,C2). 

Proof. It follows directly from the construction of a canonical model. □ 
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Remark 4.14. If there is an isomorphism /p : (Pi,£i) {P2,C2) between char- 
acteristic pairs, then the induced isomorphism fx^pc) ■ ^(PiXi) ~^ -^(PiX2) 
a fiberwise group isomorphism. 

5. On sections of orbit maps 
Let (X, T) be a 2n-dimcnsional manifold equipped with a local T"-action. 

Proposition 5.1. If ^ix ■ X Bx has a C° section s: Bx — > X, then there exists 
a weakly standard C° atlas {{U^ , (p-^)}a£A € T such that for each a the following 
diagram commutes 

us 

where {{U^ , ip^)}a£A G T is the atlas of Bx induced by {{U^ , (p^)}aeA G 
which satisfies the property in Remark 12.51 and l is the section defined by (j2.2p . 

Proof. Let {(C/^", Va )} e T be a weakly standard C° atlas of X and {(C/^, t/.^ )} G 
T the atlas of Bx induced by {(f/^,V'^)} which satisfies the property in Re- 
mark [231 For each a the equality 

0„(6).s(6) = (^.^)-io,o^f(6) 

for h G determines a unique local section 6a of IJ'X^p^ Cx) ■ -^{PxXx) ^ on 
. Now we define a new local coordinate system ip-^ on n'^ifJ^) by 

■■^^a{Oail^xix))-x) 

for X e 11^^(11^). Then {{U^ , fa)} is the required weakly standard atlas. □ 

By Proposition l2.7l the restriction Hxls^^^iBx ■ Mx^ ('^'•"^ -Sx ) ^ S^^^^Bx of ^x to 
S'^^^Bx of Bx is a T"-bundle with structure group T" x: Aut(T"). This proposition 
implies that the structure group can be reduced to Aut(r") if ^x admits a section. 

The following proposition shows that a section of the orbit map is unique up to 
isomorphisms. 

Proposition 5.2. Suppose that fix - X Bx has two sections si and S2. Then 
there exists a isomorphism fx of X such that fx covers the identity on Bx and 
preserves sections, namely, fx°si = S2- 

Proof. Since the fiberwise action of ^(p^Xx) ^ is simply transitive, there exists 
a unique C° section of fix^p c - > such that 

e{b)-si{b)^s2{b). 

Then the required C*^ isomorphism fx of X can be obtained by 

fx{x) 0{iix{x)) ■ X. 

□ 

The following lemma is a straightforward generalization of the result |101 Propo- 
sition 1.8] by Davis- Januszkiewicz and the result [571 Lemma 3.6] by Masuda-Panov. 

Lemma 5.3. jix ■ X Bx is equipped with a C*^ section if and only if there exists 
a isomorphism between {X,T) and X(-p^ which covers identity on Bx- 
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Proof. The if part follows from Proposition l4.11l Conversely suppose that ■ X 
Bx has a section which is denoted by s. Define the surjective map v : Tx —> X hy 

(5.1) v{t):=t-s{nTAt))- 

It is easy to see from the construction of X(p_^ that v: Tx X descends to 
the required isomorphism from Xf^p^ /^^^ to X. □ 

Next, we investigate when ^x '■ X Bx has a section. We assume that the 
index set A of the weakly standard atlas {{U^ ^f'^Y^aeA is countable ordered. 
By the construction of X(p^ there exists a isomorphism h^: ji^ (U^) 
l^x^p c. S^a) covering the identity on each such that ha is equivariant with 
respect to the fiberwise action of Tx and Xi^p^ jr^y By Proposition 14. 121 on each 
nonempty overlap U^p the equation 

(5.2) Koh-\x)^e^p{b)x 

for h G Uj^ij and x <E Mxjp ^ , (^) determines a unique local section Q-^^ of l^x^p^ c^)' 
X[Px.Cx) ^ on U^p. Let ^{p^Xx) denote the sheaf of C° sections of fix^^p^^cx) ' 
X{Px,Cx) ~^ ^x- Then local sections form a Cech one-chain {0^^} on {U^} 
with values in .-^(Px,£x)- 

Lemma 5.4. {O^p} is a cocycle. 

Proof. It is clear by (|5.2p and Proposition [03 □ 

Let H^{Bx',J^{PxXx)) denote the first Cech cohomology group of Bx with 
values in .y^p^Xx)- -^Y the above lemma, {O^p} defines a cohomology class in 
H^{Bx; y{Px,Cx))- We denote it by e{X,T). It is easy to see that e{X,T) does 
not depend on the choice of haS and depends only on the local T"-action on X. 

Definition 5.5. We call e{X,T) the Euler class of i^ix '■ X Bx. 

Theorem 5.6. ^x '■ X Bx has a section if and only if e{X,T) vanishes. 

Proof. By the standard argument {X, T) is C'^ isomorphic to X^p^ ^x} which covers 
the identity on Bx if and only if e{X, T) vanishes. Then the theorem follows directly 
from this fact together with Lemma □ 

Example 5.7. For an effective C°° T^-action on a 4-dimensional C°° manifold X 
without nontrivial finite stabilizers, Orlik-Raymond showed in |31| that the orbit 
map is equipped with a section. Thus, e(X, T) vanishes. 

Example 5.8. In the case of a nonsingular toric variety, e{X, T) vanishes. In fact, 
the system of standard coordinate neighborhoods induced by top-dimensional cones 
has the property in Proposition 15.11 Similarly, e(X, T) vanishes for a quasi-toric 
manifold. It follows from [TUl Lemma 1.4]. 

Example 5.9. If the local T"-action is induced by a locally standard r"-action 
and dBx = 0, then ^x '■ X Bx is a principal r"-bundlc. In this case, e(X, T) 
is nothing but the Euler class of the principal r"-bundle. 

For i = 1, 2, let i3i be an n-dimensional manifold with corners and {Pi,Ci) a 
characteristic pair on Bi. Suppose that there exists an isomorphism fp : (Pi, Ci) —^ 
{P2,C2). By Lemma 14.131 it induces the isomorphism /p : H'^{B2\ ^[p^Xi)) ~^ 
H^{Bi; y(^P^Xi)) between cohomology groups. In particular, by Lemma [4.81 and 
Lemma 14.131 ^ isomorphism fx- {Xi,Ti) (^2,72) induces an isomorphism 

fp^:H^ {Bx2 ; y Px^ ,£x2 ) ) ^ (^A'l ; ^(Pxi ,£xi ) ) • 
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Lemma 5.10. For i = 1,2, let {Xi, %) he a 2n- dimensional manifold equipped with 
a localT^ -action. If there is a isomorphism fx ■ Xi —> X2, then fp e(X2,T2) = 
e{Xi,Ti). 

6. The topological classification 

The foUowing is the main theorem of this paper. 

Theorem 6.1. Fori ~ 1,2, let (Xi^Tl) be a 2n- dimensional manifold with a local 
T"-action. {Xi,Ti) and (^2,72) are C*^ isomorphic if and only if there exists an 
isomorphism fp: {Pxn Cxi) — > {1^X21^^X2) between characteristic pairs associated 
with (XijTi) and {X2,T2) such that /pe(X2,72) = e(Xi,7i). Moreover, for any 
characteristic pair {P, C) on an n-dimensional C*^ manifold B with corners and for 
any cohomology class e G H^{B; =5^(p,£)); there exists a 2n- dimensional C° manifold 
{X,T) equipped with a C*^ local T"' -action whose characteristic pair and the Euler 
class of the orbit map are equal to (P, C) and e, respectively. 

Proof. If there exists a isomorphism fx '■ {Xi,Ti) (X2, 72), then, by Lcmma l478l 
and Lemma I5.10[ fx induces an isomorphism fp^ : {Pxi , ^Xi ) ^ {Px2 1 ^X2 ) such 
that /*^e(X2,r2) = e(Xi,ri). 

Conversely, suppose that there is an isomorphism fp: (Px^, Cxi) {Px2^ ^X2) 
such that fpe{X2,T2) = e{Xi,T{). We denote by fs'- Bxi Bx2 the stratifi- 
cation preserving homeomorphism which is induced by fp. Let {{U'^^ ,1^^^)} G 
Ti, {{U^\(p^^)} e T2 be weakly standard atlases of Xi, X2 and {{Up\ipp^)}, 
{{US\V^^)) the atlases of Bx^, Px. induced by {{Uf\^f)), {(f/f ^ (^f^)} such 
that for each a, (3, we can take isomorphisms : iJ.^\ {U^^ ) Ihc^p ^ ) ^^P^ ) ' 
K ■■ l^xl (^^a ' ) ^ /^x' ^ , (U^' ) which satisfy ^ for Xi, X2, respectively. By 
the assumption fpe{X2,T2) ~ e(Xi,Ti), by replacing {(C/^\ (yS^^ )} by a refine- 
ment if necessary, we may assume that there exists a Cech zero-cochain on 
{({7^^, <p^^)} with values in ^X(p^ c,^ > "^^^ that 

(6-1) /x<p,., ° ^A^, ° = ^ft^ft 

for h e ^/f,/3i- For each nonempty overlap U^^ n fs^iU^'^) we define the C° 
isomorphism )^p: /.^^(C/f n /s^C/f^)) -> /i^J (/^(f/^^ ) n C/f^) by 

f,M (hi)-' ° /x,p,., {ep{fixA^))hl{x)) . 

By using ^ and (g^ for and X2, for any a; G ^ /B'(t^ao'ai )) with 

b = iJLXt{x) 

= (/^aj"' (^a„^a,(/B(6))/x,p,,, (^A, W^^;^, (fo)"'/^;., (•^)) ) 

= /ai/3i(a;), 

where we used the fact that fx^p^^ ■ -'^(Pi.Ci) ~* ^(^2,^2) fiberwise group iso- 
morphism (see Remark l4.14p . Then we can patch the local C° isomorphisms fap 
together to obtain the required isomorphism fx- 
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Suppose that {P, C) is a characteristic pair on an n-dimensional manifold B 
with corners and e is an element of H^{B; S^(px))- We take a representative {dap} 
of e on a sufficiently small open cover of B. Then we can construct a new 

2n-dimensional C° manifold {X, T) equipped with a local T"-action by setting 

where G Mxjp.^, i^^) ~ e ^^x\p,c) (^|) ^"^"^ MJf(p,r) (^^a) = i^x^p,^^ {xp) 

and Xq, = OafiifJ-x^p {xa))xp. It is easy to see that its characteristic pair and Eulcr 
class of the orbit map are equal to (P, £) and e, respectively. □ 

Next we focus on the case of locally standard torus actions. We take notice that 
if a manifold X is equipped with a locally standard torus action, then, Px is the 
product bundle Px = Bx x Aut(T"). In this case, we can obtain the following 
theorem. 

Theorem 6.2. For i — 1, 2, let Xi be a 2n- dimensional manifold equipped with 
a locally standard T^-action and p an automorphism of T"" . Xi and X2 are p- 
equivariant homeomorphic if and only if there exists a stratification preserving 
homeomorphism fs ■ Bxi Bx^ such that the bundle isomorphism fp : Pxi 
Px2 defined by fp := fs 'x P sends Cxi isomorphically to Cx-i o^nd fpziX^^T^-}) = 
e(Xi,7i). Moreover, for any characteristic pair {P,C), where P is trivial, on 
an n-dimensional C° manifold B with corners and for any cohomology class e G 
H^{B;5^(^P£,)), there exists a 2n- dimensional C*^ manifold equipped with a locally 
standard T"' -action whose characteristic pair and the Eulcr class of the orbit map 
are equal to (P, £) and e, respectively. 

The proof is almost same as that of Theorem 16.11 In particular, by putting 
p = idr^ , we obtain the following corollary. 

Corollary 6.3. Locally standard torus actions are classified by the characteristic 
bundle and the Euler class of the orbit map up to equivariant homeomorphisms. 



7. The symplectic case 

In this section we identify A with Z" by using the fixed decomposition T" = 
(S"^)". By using the natural isomorphism Aut(r") GL(A) together with this 
fact, we also identify Aut(T") with GL„(Z). 

7.1. Integral affine structures. Let B be an n-dimensional C°° manifold with 
corners and {{U^ , fa)} atlas of B consisting of coordinate neighborhoods mod- 
eled on open subsets of M" . 

Definition 7.1. {iU^,(p^)} is called an integral affine structure on B if on each 
nonempty overlap C/^^_, 7^ 0, there exists an element Aap of GL„(Z) and there also 

exists a constant Cap € M" such that the overlap map V'q^ • V^piU^p) ^ fai^ap) 
is of the form 

(7.1) ^^p{0=AapiO+Cap. 

First we show the following lemma. 

Lemma 7.2. For an n-dimensional C°° manifold B equipped with an integral 
affine structure {{U^ ,ip^)}, there is a characteristic pair on B associated with 

ms,fS)}. 
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Proof. By definition, the structure group of the cotangent bundle T*B of B is 
reduced to GL„(Z). We denote by ttp : P ^ B the frame bundle of T*B with 
structure group GL„ (Z) and also denote by tta : Ap ^ B the associated A-bundle 
oi -Kp: P ^ B. Let {U^,ip^) be a coordinate neighborhood in {{U^ , (p^)} with 
n ^ 0- We may assume that the intersection t/f n S^^'^^Bx is 

connected. (Otherwise, we may consider componentwise.) Then there exists a 
unique primitive vector Uq, € A such that ^Pai^a ) Va{Ua H S^^~^''Bx) are 
contained in the upper half space e R" : (^,Uq) > 0} and the hyperplane G 
R" : Uq) = 0} determined by Uq,, respectively. Suppose that [Up , ip^) is another 
coordinate neighborhoods satisfying the above conditions and the intersection ?7^^n 
S^^~^'>Bx is nonempty. Let up & A he the corresponding primitive vector. Since 
the overlap map ip^p is of the form ()7.ip and since ip^p sends G : (^, u^) > 0} 
and {£, e R": (C,U;3) = 0} diffeomorphically to e R" : > 0} and € 

R" : {^,Ua) = 0}, respectively, we can show that Ua = A~^{up). In particular, 

Wq's form a section s of 'r^h\si'^~^) b '■ ^p|5("-i)b ~* Let tt^ : £ ^ iS^"~^^i3 

be the rank one sublattice bundle of TrAlscn-i)^: Apj^c^-ij^ ^ which is 

fiberwise generated by s. By construction, 7r£ : £ — > is unimodular, hence 

the pair (P, £) is a characteristic pair on B. □ 

Note that, by the proof of this lemma, the characteristic bundle 7r£ : £ ^ 
^("-i)^ admits a section which generates tt^ : £ ^ S^'^^^^B fiberwise. 

In Section 14.21 we constructed the canonical model from a characteristic pair. 
Next we show that the canonical model constructed from the characteristic pair as- 
sociated with an integral affine structure is a C°° manifold and admits a symplectic 
structure such that the orbit map is a locally toric Lagrangian fibration. Let B be an 
n-dimcnsional C°° manifold equipped with an integral affine structure {{U^ , (fa)} 
and (P, £) the characteristic pair associated with {{U^ ,(p^)}. Let ttt- Tp ^ B 
be the associated T"-bundle oi Tip: P ^ B. Then we have the following exact 
sequence of associated fiber bundles of P 

^ Ap ^ T*B ^ Tp ^ 0. 

As is well-known, r*P is equipped with the standard symplectic structure ljt*b- 
Since the natural fiberwise action of Ap on T* B preserves lot* b, ujt*b descends to a 
symplectic structure on Tp, which is denoted by lotp , so that ttt : (Tp, ujtp ) — > P is 
a nonsingular Lagrangian fibration. Moreover, we can show that following lemma. 

Lemma 7.3. The canonical model A"(p£-) is a C°° manifold and admits a sym- 
plectic structure uox^p so that : (^(P.£)i'^X(p£)) B a locally toric La- 
grangian fibration. 

Proof. In this case X(^pc) can be reconstructed from {Tp,lutp) by using the sym- 
plectic cutting technique in the following way. For each {U^ ,ip^), Tp^ : tt^^{U^) 
faiUa) X T" denotes the composition of ip^ x idr- : C/f x T" -> (p^iU^) x P" 
and the local trivialization t/?^ of Tp on induced by the local trivialization ip^ 
of P on . By the construction of ujtp-, preserves the symplectic structures, 
namely, (^a)*WR"xT" = ^Tp- We put 

:= {i e {1, . . . , n} : (C/f ) H e W'^ : = 0} ^ 9} 

and 

T/^ := {u G T" : Ui = 1 unless i G /„}. 
Suppose that la = {ii, . . . ,ik} and ii < . . . < ik. We take an open set Va of R" 
which satisfies (C/f ) = 14 n R!^. T/^ acts on K x T" x C'^ by 

u ■ {^,v,z) := {£„uv, {u~'^zi, . . .,u~^^Zk)) . 
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This action is Hamiltonian with respect to the symplectic structure wr^xT" ffi '^^c'' 
and a moment map <i>Q : {Va x T" x C*^, wr^xT" © ^c) ~^ is written by 

We take the symplectic quotient ^a^{0)/Tj^ of the T/^ -action at e R''. We 
denote by cOa the reduced symplectic structure on *&q^(0)/T/^. The natural ac- 
tion of T" on Va X T" X C'^ by the multiplication of the second factor induces a 
Hamiltonian r"-action on {^~^{0)/Tj^,u!a) with moment map ^a{[^,u, z]) = ^. 
Note that the image of fia is equal to ^PaiUa)- K is obvious that this Tr- 
action on {^~^{0)/Ti^,uja) with moment map fj,a is naturally identified with the 
standard r"-action on ([/^)),a;c") with moment map /xc- By the con- 

struction of X(p.£) we can also show that Ip'^ induces a natural homeomorphism 

(fia'-'''''^ ■■ Mxjp,^, (Ua) ^ *Q^(0)/T/„ which satisfies fia o (^f'"^'"" ^ (f^ ° MX(p,c) • 

Suppose that (C/^f , (p^) and {Up , (p^) arc coordinate neighborhoods with nonempty 
overlap U^p. To prove the lemma, it is sufficient to show that the overlap map 

'Pap'''^^ ■= fa^''''^^ ° {'fp^^''^^)^^ is a symplectomorphism from {^'^^ {ipp {U ^p)) , u p) 
to {n~^{ipa{U^p)),ijJa)- Since the overlap map Ip^p := Ip^ o (jpp)~^ is of the form 
^0/3(^1 u) = {Aapid +Caf3, A'^J (u)), it can be naturally extended to the symplccto- 
morphismfrom (F/j n x r",L^M.xT") to (<^f^(l^/3) n 14 x T", c^m^xt-), 

which is also denoted by the same notation Since is A~J-cquivariant 

with respect to the actions of Tj^ and Tj^ , it descends to a symplectomorphism 

from (/i^i((^^(C/f^)), w^) to {fi-\'Pa{U^p)),uJa) which is nothing but t^^^'^' . This 
proves the lemma. □ 

Remark 7.4. Let Bi and B2 be n-dimensional C°° manifolds equipped with in- 
tegral affine structures. Suppose that there exists a diffeomorphism fs'-Bi^ B2 
which preserves the integral affine structures. Then induces an isomorphism 
fp: {Pi,£i) — > {P2,£2) between the characteristic pairs associated with the in- 
tegral affine structures. Moreover, it is easy to see that the C° isomorphism 
fxt^pc)'- ^(Pi,£i) ~^ ■^{P2,C2) induced by fp is a fiber-preserving symplectomor- 
phism. 

7.2. The necessary and sufficient condition. Let {X,T) be a 2ri,-dimensional 
manifold equipped with a C°° local T"-action T. In this subsection, wc investigate 
the condition in order that X admits a symplectic structure lu so that iix ■ {X, uj) — > 
Bx is a locally toric Lagrangian fibration. 

Definition 7.5. Let {{U^ , Pa )}aeA E T he a. weakly standard C°° atlas of X and 
{{Ua ,Pa)}aeA the atlas of Bx induced by {{U^ , Pa)}a£A- For each nonempty 
overlap U^p ^ 0, let pa0 G Aut(T") be the automorphism in (ii) of Definition ll.il 
with respect to {{U^ , We call {{U^ , (p^)}aeyi an integral affine structure 

compatible with {{11^, 'Pa)}a&A if {{Ua : 'Pa)}a£A is an integral affine structure on 
Bx and on each nonempty overlap U^p ^ 0, the element Aap G GL„(Z) in ()7.ip is 
equal to p^J. 

Lemma 7.6. Suppose that there exists a symplectic structure to on X and there 
also exists a weakly standard atlas {{1/^ , 'Pa)}a£A & of X such that on each 
Ua , fa preserves symplectic structures, namely, to = (p^*u!cn. Then the atlas 
{{U^ ,ip^)}aeA of Bx induced by {{U^ , p-^)}a£A integral affine structure 

compatible with {{U^ , tp'^)}a£A- IiT' particular, Bx becomes a C°° manifold with 
corners. 
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Proof. By assumption, the restriction of fix ■ {X, co) — > Bx to Bx \ dBx is a 
nonsingular Lagrangian fibration, and as in the proof of Proposition 13.131 we can 
construct a symplectomorphism : {fJ-x^{U^ \ dBx),Lo) {^ai^a \ dBx) x 
T",a;RiixT") such that pr^ o(f)^ = ip^ o fix for each a. By applying Lemma [3. 121 to 
the overlap map (f>ai3 '■= (pa ° 4>]j^ on each nonempty overlap Uj^^ \ dBx, we can 
show that the overlap map (p^^ of the base is of the form (|7.ip . Since U^^j \ dBx 
is open dense in U^^, ip^p should be of the form (|7.1|) on the whole U^^. □ 

Let {{U^ ,'-Pa)}aeA G T be a weakly standard atlas of X. Suppose that the 
induced atlas {{U^ , (^^)}ctg^ of Bx is an integral affine structure compatible with 
{{U^ ,Lp^)}aeA € ^- Then the principal Aut(r")-bundle Px is nothing but the 
frame bundle of T*Bx and the characteristic pair (Px, C,x) is nothing but the char- 
acteristic pair associated with {{U^ , ip^y\a£A- By Lemma [731 the canonical model 
X[Px,Cx) ^ symplectic manifold with symplectic structure UJx^p ^ , so that 
fix,p r 1- ^X(p Cx)^^x,p r >) — > Bx a locally toric Lagrangian fibration. In 
particular, the local isomorphism : fi^iUj^) —> Mxjp ^ > i^a) Section [5] can 

be taken to be a C°° isomorphism which covers the identity on each and by 
[TSl Lemma 3.2] 6^^ defined by (|5.2p can be also taken to be a C°° local section of 
Tx on ?7j^^. Then a necessary and sufficient condition is given as follows. 

Theorem 7.7. Let {X,T) be a 2n- dimensional manifold equipped with a C°° local 
T^'-action T. There exists a symplectic structure oj on X and there also exists 
a weakly standard atlas {(C/^, )}Qeyl ^ of X such that on each , uj = 
V?^*WC" if and only if the atlas {{U^ ,ipf^)}aeA of Bx induced by {{U^ , Va)}aeA is 
an integral affine structure compatible with {{U^ , 'Pa)}aeA o,i^d on each nonempty 
overlap U^^, O^p is a Lagrangian section, namely, {9-^^)* ujtx vanishes. 

For nonsingular Lagrangian fibrations, this result is obtained by Duistermaat [11| . 
See also [32], [22]. Recently, in [IS] Gay-Symington showed the similar result for 
near-symplectic four-manifolds. 

7.3. The symplectic classification. Suppose that {X, T) is a 2n-dimensional 
C°° manifold equipped with a C°° local T"-action T satisfies the condition in The- 
orem lTTTl Then X is equipped with a symplectic structure uj so that fix ■ (^7^) ~* 
Bx is a locally toric Lagrangian fibration, and the local sections define a Cech 
cohomology class X{X) £ H^Bx^y^x^) of Bx with values in the sheaf y^^^ 
of Lagrangian sections of tttx ■ {Tx,i^Tx) ~^ Bx- is called a Lagrangian 

class for fix'. {X,uj) Bx- Note that for two 2n-dimensional C°° manifolds 
{Xi,Ti) and (X2, with C°° local T"-actions which satisfy the condition in The- 
orem 17.71 if there exists a diffeomorphism fs '. Bxi Bx2 which preserves the 
integral affine structures, then fs induces an isomorphism /p : H^{Bx2't^t'^^) ~* 

Theorem 7.8 ([5]). For i ^ 1,2, let {Xi,Ti) be a 2n- dimensional C°° manifold 
with a C'°° local T^^ -action which is equipped with a a symplectic structure oji so that 
fiXi '- {Xi,U!i) — !■ Bxi is a locally toric Lagrangian fibration. fiXi ■ {Xi,LUi) — > Bx^ 
and fix2 ■ iX2,LL>2) ~* Bx2 are fiber-preserving symplectomorphic if and only if there 
exists a diffeomorphism fs ■ Bxi — *■ Bx2 which preserves the integral affine struc- 
tures such that fp\{X2) = X{Xi). Moreover, for any n-dimensional C°° manifold 
B with corners equipped with an integral affine structure and for any cohomology 
class A e H'^iB-y^"^), th ere exists a locally toric Lagrangian fibration whose in- 
tegral affine structure and the Lagrangian class are the given ones. Here y^^^ is 
the sheaf of Lagrangian sections of -kt'- {Tp,ujtp) ^ B. 
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The proof is similar to Theorem 16. II 

8. Topology 

Let {X,T) be a 2n-dimensional manifold with a local T"-action. We assume 
that X is connected (hence B is also connected) and e{X,T) vanishes. In this 
section, we investigate some topological invariants for X. 

8.1. Fundamental groups. In this subsection, we investigate the fundamental 
group of X. We fix a point 6o in the interior S'^'^^Bx of Bx and also fix points 
xq G IJ'X~^{bo) and to & ''^Txi^o) which satisfy ^{to) = xq as base points of X and 
Tx, respectively, where i^: Tx ~^ X is the map defined by (|5.ip . Comparing the 
fundamental group of Tx with that of X by using the homomorphism induced from 
v. Tx X, wc have the following result. 

Theorem 8.1. Suppose that S'-^'^Bx is nonempty. Then fix induces an isomor- 
phism fiXt:'- T^iiXjXo) ^ 7ri(_Bx,^o) of fundamental groups. 

Proof. Since the structure group of tttx ■ Tx Bx is Aut(T") it admits a section 
St- St defines a section sx of fix by sx '■= v o st- Now wc have the following 
commutative diagram of split short exact sequences for fundamental groups 

1 ^ 7i-i(7rj,^. (6o),io) ^ 7i'i(rx,io) ^ 7ri(Sx,6o) ^ 1 (exact) 

K V. id^-^^Bx.ba) 

1 ker//x* ^ 7ri(X, xo) ^^'> ni{Bx,bo) ^ 1 (exact), 

where t: 7r^^(6o) ^ Tx is the natural inclusion and k: 7ri(7r^^ (6o), to) ^ ker/ix» 
is the homomorphism induced by the restriction ^^Itt-i (tio) ■ '^Tx^^^') ^ /^^^(^o) 
of 1/ to 7r^^(&o)- First we claim that k is surjcctive. Note that it is equivalent 
to the surjcctivity of i/* since sx* ~ i^* ° st*- Since bg is in the interior of Bx^ 
'^Itt^^ (bo) ^ homeomorphism which sends to to xq. Then it is sufficient to show 

that every element of ker/ix, is represented by a loop in iJ.x~^{bo). Let a G 
ker^x* and take its representative a' : X with a'(l) = xq. Then the map 

fix o a' : Bx is homotopic to the constant map bg. If necessary, by replacing 

a representative of a, we can take a contractible open set U located in the interior 
of Bx such that the image of a' is included in fix~^{U). Since U is in the interior 
of Bx, by Proposition fix~^{bo) is a deformation retract of fix^^{U). We take 
a deformation retraction h : I x fix~^{U) fix~^{U) which satisfies /i(0, •) = 
id^x-^(u) and /i(l,-) : fix^^iU) fix^^ibg), where / implies the unit interval 
[0,1]. Then the map f{s,u) := h(s,a'{u)) is the homotopy which connects a' to 
the loop a(u) := h{l,a'{u)) in fix~^(bo) with a(l) = xq- This proves the claim. 

To prove the theorem, it is sufficient to show that k is the constant map whose 
value is the unit element. By assumption, there exists a point bi in S'^'^^Bx- The 
fiber fix~^{bi) consists of only one point which is denoted by Xi. We take a path 
7: / — > Bx with 7(0) = 60 and 7(1) = 61. (Since Bx is a connected C° manifold, 
we can always take such a path.) Since tttx ■ Tx Bx is a fiber bundle, there 
exists a continuous map 7: / x TT^^{bo) — > Tx which satisfies the followings 

■^Tx °lis,t) ^ j{s), 7(0, t)=t 

for s € I and t e tt^^ (60). 7 is unique up to homotopy. For any a G tti{tt^^ (60), tg) 
and its representative a: S*^ — > 7r^^(6o) with a(l) = to, we define the map a: I x 
S'"'^ ^ X by a(s, u) :— 1^(7(3, a(u))). a satisfies 

a(0, u) = o a(u), a(l, u) = x\ 



LOCAL TORUS ACTIONS 



27 



for any u G and s G /. Then, a descends to the map from a two-dimensional 
closed disc D which bounds u o a. This implies that K{a) is the unit element. □ 

8.2. Cohomology groups. In this subsection, we give the method for computing 
cohomology groups of X. 

Suppose that Bx is equipped with a structure of a CW complex so that each 
p-cell e*^P^ is contained in some S^'^^Bx of Bx- Let i?^-* be the p-skeleton and 
X^P'> :— ^x^^{B^x) its preimage by ^x- We put 

i: AP'"^ y^lP-i.'z+i and j: A^''^ E^''^ denote the maps induced from inclusions 
c and C respectively, and k : 

— > ^P+i'? also denotes the connecting homomorphism of the exact sequence of 
the triple {X,X''P\ X'*'"^^). We consider the cohomology Leray spectral sequence 
of fjLx '■ X Bx, namely, the spectral sequence {{Ex)^''^, d^} associated with the 
exact couple 

A"'' e^., A"^' 




For the spectral sequence of cohomology groups, see [ID]. For ap-cell e^P\ we denote 
by c^P' the center of e'^^'' and also denote the restriction of v : Tx X to tt^^ (c^^-*) 
by i^^ip) : 7r^_^(c(P)) ^ fix^^c^P''). Let (C*(Bx; ^*), <5*) be the cochain complex 
of the CW complex Bx with the Serre local system of the qth cohomology with 
Z-coefficient for the fiber bundle tttx '■ Tx Bx- We denote by Cp{Bx;J^x) 
subset of CP{Bx] consisting of those cochains which take values in the image 

(H^{tix-\ci^^);Z)) oiH^{fix~Hci^^y,^) by for each p-cdl e^^^ 

Theorem 8.2. For any q, C*{Bx;^x) «s a suhcomplex of {C*{Bx;J^j!),S). We 
denote its pth cohomology group by HP{Bx]J^x)- Then we have the isomorphisms 

{Ex)r = CP{Bx;J<e^l iEx)r = HP{Bx;^^l 
{ExTJ = FPHP+\X--L)/FP+^HP+'i{X 

where F^H^{X]1) is the image of the natural map X^'-^); Z) H''{X;Z). 

Proof. The last equality is a consequence of the general theory of a spectral se- 
quence. We prove the first two isomorphisms. For each p-cell e^P^ of Bx, let 
r: DP Bx be the characteristic map of e(P) with t(0) = c^^), where DP{c Rp) 
is the p-dimensional closed ball centered at 0. We put T^'' :— Tr^^{B^^^). Sup- 
pose that e^P-* is contained in S^'^^Bx- By the same way in the construction of the 
characteristic bundle, we can see that there exists a rank n — k subtorus bundle 
T^Sx ■ '^x — * S^'^^Bx of TTTxlsC'iBx ■ TxlsC'iBx ^ S'^'^^Bx such that the restriction 
of fix ■ X —f Bx to S^'^^Bx is obtained as the quotient bundle Tx/Sx — > S'^^^Bx- 
Since the structure group of tttx '■ Tx — * Bx is discrete, there exists a bundle map 
tt: {DP,dDP) X 7r^^(c(P)) ^ (T^^\ Tj?"^^) which covers t such that 

^r|{o}xu-^(c<p)) =id^-;(c(p)) 

and Tt sends DP x ng^{c''P^) to Sx- Hence tt induces a continuous map tx '■ {DP, 
dDP) X Aix"Hc*^^) such that 
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and the following diagram commutes 

(8.1) DP X TT^^ (c(P)) ^ DP X Mx^Hc'^^) 




Let {{Et)^:'^ , d^} be the cohomology Serre spectral sequence of the torus bundle 
"Ktx ■ ^ Bx- By using tt, the excision isomorphism, and the Kiinneth formula, 
we have the isomorphisms 

{ETt" = HP+''{{TxiP\ {TxfP'^^-.'L) 

^5:F^+^(,r^^(4f^),.^^(4f^-ei^));Z) 

A 

= Y.HP+^{{Dl,dDl)y,^:,l{c^'>)-I.) 

A 

- ^ HP{Dl,dDl;Z) ® H«(7r-^ (4^'); Z) (= CP{Bx;J^^)) , 

A 

(-Ex)?'* = HP+'^iX'-P\x'-P~'^^;Z) 

- (A.X - ^ (^) , MX - ^ (^ - ei^) ) ; Z) 

A 

= ^i/^'+^((i5^,az?^,)xMx-^(ci^));Z) 

A 

^J^HP {Dl , dDl ; Z) ® {pix-\c^t ) ; Z) , 

A 

where the sum runs over all p-dimensional cells . By the naturality of these 
isomorphisms and the commutativity of the diagram (|8.ip . the following diagram 
commutes 

(8.2) {Exf{'^ Y.xHP{Dl,dDl;Z)®m{px-\c'^t)-^1) 

(Et)^ ^ Ea ii^^D'l dDl- Z) ® (4^'); Z). 

Moreover, it is easy to sec that the homomorphism i'* p) : H*{fix^^{c^x ^)','Z) 

if*(7r^^(4^^);Z) induced by i/^(p) is inject ivc. This implies {Exfi'' = Cp(Bx;^). 
The i?i-term {(i^r)!'"^, rff} of the Serre spectral sequence is isomorphic to the CW 
complex {CP{Bx;J^^),S) with the Serre local system for the torus bundle 
tttx ■ Tx — > Bx ■ This fact together with the naturality of the maps in the spectral 
sequences shows {Ex )^''' = HP{Bx;J^^). □ 

Remark 8.3. (1) For g = 0, it is easy to see that {Ex)2° = HP{Bx;'^)- Moreover 
{Ex)i''^ = 0, if g or p is greater than half the dimension of X. 
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(2) If Bx is an oriented surface with dBx 7^ 0, we can take a cell decomposition 
of Bx so that all zero cells are included in dBx- In this case, the Leray spec- 
tral sequence {{Ex)r''^ ,d^} degenerates at £'2-term. In fact, dBx 7^ iniphes 
iEx)2° = H^{Bx;Z) = 0, and since ef^ £ dBx, the fiber ^x^^ei"') of nx on 
e^''^ is diffeomorphic to the torus whose dimension is equal or less than one. Then 
{Ex)°/ = {Exf,^ - C^iBx;^^) = 0. 

Corollary 8.4. Assume that Bx is a finite CW complex. Then the Euler charac- 
teristic x(^) is equal to the cardinality of S'^^^Bx- 

Proof. Let us consider the rational coefficient cohomology Leray spectral sequence 
{{ExYr''', d^} of the map ^ix ■ X ^ Bx. Define 

x((i?x)r) = 5](-lf+'dimQ(i?x)P-''. 

Since iEx)r ^CPiBx;J^^), 

x((i?x)i) = 5](-l)''+'dimQ(i?x)r 

p,q A 
P A 

where the summation runs over all p-cells. By the construction of ^x ■ X — > 
Bx, the fiber ^x^^ic'x^) is homeomorphic to a compact torus of dimension equal 
or less than n, which is zero-dimensional if and only if c^^"* € S'^'^^Bx. Moreover, 
the assumption of the cell decomposition of Bx implies that c^^'' G S^'^^Bx if and 
only if p = 0. Then x{{Ex)i) is equal to the cardinality of S^^^Bx- On the other 
hand, it is easy to sec 

X{{Ex)r) ^ xiiEx)i) 
for any r, and by (1) in Remark 18.31 for any r greater than n, 

{Ex)oo — {Ex)r- 

Moreover, from {ExYJ = FP Rp+i {X ; Q) / FP+^ Rp+i {X ; Q) , we can easily check 
that x{X) ~ x{{Ex)oo)- This proves the corollary. □ 

Example 8.5. The orbit map of Example 13.61 is equipped with a section. Let us 
compute the cohomology groups of X in Example 1 3. 6 1 By cutting Bx along curves 
a and a cell decomposition of Bx is given. Figure[5]is the development, in which 
one-cells e'{ \ e'^\ and 63^^ correspond to a, (3, and the edge arc 7, respectively. 
Let Bx be the pentagon in Figure El tttx ■ Tx ~* Bx is obtained from Bx x 
in the usual manner, namely, by identifying the preimage of e^^^ (resp. 63"'^') by 
the first projection of Bx x with the preimage of the corresponding edge of Bx 
fiberwise by using (resp. Let X be the quotient space 

where {hi,U]) ~ (62,^2) if 61 = 62 € 63^^ and U2U^^ G {1} x S^, or bi = 62 and it 
is a vertex of Bx ■ X can be obtained from X by the same way as tttx '■ Tx Bx ■ 
The natural map Bx x Bx x T^/ ^ descends to the map v: Tx X. 

For aU cells except for e^") and e^^\ v^m: 7r^^(4^^)(= T^) -> is a 
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Figure 5. A cell decomposition of Bx 



homeomorphism, whereas for e^*^^ and eg^^ it can be identified with the natural 
projections ^ tVT^ ^ {1} and ^ TV{1} x ^ x {1}, respectively. 
Forg = 0, H°{tt-^{c^p'^):Z) = Z and i^* : H'^{fix-Hcx'^);^) ^ H'^iT^T^icx^)-.^) 

is an isomorphism for all cells. Then HP{Bx; ^^x) identified with HP{Bx; 
which is naturally isomorphic to HP{Bx; Z). 

For g = 1 , iJ 1 (tt-^ {c^p'> ) ; Z) = Z®Z and i^* ^, : H\fix^^ {c^x^ ) ; Z) ^ i7 ^ (tt^; ^ (4"^ ) 

;Z) is an isomorphism for all cells except for e'-"-' and e^^\ whereas v*f^o) is the zero 
map and z^* can be identified with the natural inclusion Z © {0} ^ Z © Z. 

Then C°(Bx;^i) ^ 0, C\Bx;J^^) = 1®^, and C^{Bx;J^^) = Z © Z and aU 
coboundary operators vanish except for : C^{Bx;^x) ^ C^iBx^-^x)- ^^^r 
c € C^{Bx]'i^x)i '^^c is written as 

Jic(e(2)) =c(eW) +* p{[a])-\{e^^^) -* p(H[/3]H"')"'c(e«) 

-* p(H[/9]H-M/3]-')-'c(e(^)) +* p(H[/3]H-M/3]-')-'c(eW). 

With the identification C^{Bx\-^x) ~ and C^{Bx\-^x) = Z © Z, can be 
identified with the matrix 

-1 1-223 
-11-111 

Then, the cohomology groups are calculated by 

Z p-l 

otherwise. 

Forg = 2, H^{ti^I{c^^''):Z) = Z and : Z) ^ H^{tt^\c^p^):Z) 

is an isomorphism for all cells except for e'"' and eg^^ whereas both of 
and z/*(i,3 are the zero map. Then C°{Bx;J^x) = 0, C\Bx;J^x) - and 
C'^{Bx; J^x) — ^- coboundary operators vanish. It is clear except for p = 1. 
Since all monodromies along el^^'' induce the identity map of the second cohomology 

group of the fiber of ttt^ : Tx ^ Bx and c(e^^^) = for c e C^{Bx;J^x)^ also 
vanishes. Then the cohomology groups are obtained by 



HPiBx;J'4) 



Z®2 p=l 

Z p^2 

otherwise. 
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The table for the iJ2-ternis is in Table [T] In particular, the Leray spectral sequence 
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Z€ 


B2 









p 



Table 1. The table of (£'x)2'''-ternis 



is degenerate at iJ^-term. Then the cohomology groups of X are given by 

Z fc = 0,4 
Z®2 fc = l,3 
Z®3 fc ^ 2 
otherwise. 

8.3. /-C-groups. By replacing the cohomology functor H* ( ) by the i^"- functor K* ( ) 
in the cohomology Leray spectral sequence of the map [ix ■ X — > Bx , the similar 
method is available for computing i^T- groups. Such a spectral sequence is called the 
Atiyah-Hirzebruch spectral sequence for groups. We also denote this spectral 
sequence by the same notation {{Ex)r''^ ,d^}. In this subsection, the result is 
described without proof. But the proof is almost same as in the last subsection. 
For iiT-thcory, see |2j and for the spectral sequence of A"-thcory, see [3]. We still 
assume that Bx is equipped with a structure of a CW complex so that each p- 
cell e*^^-' is contained in some 5WBa- of Bx- Let {Cp{Bx].J^S),5) be the cochain 
complex of the CW complex Bx with the local system with respect to the 
qih. i^-group of the fiber of the fiber bundle tttx '■ Tx Bx- We denote by 
CP{Bx', '^x) ^'^^ subset of C'p{Bx; whose cochain takes a value in the image 
{K'i{pLx-\c^''^))) of /v'?(mx-Hc(''^)) by for each p-cell e^P\ 

Theorem 8.6. For any q, C*{Bx]J^^) is a subcomplex of {C*{Bx]J(f^),8). We 
denote its pth cohomology group by H^{Bx't^x)- Then we have the isomorphisms 

(Exfi'' = C^Bx;J(f^), {Ex)T = HP{Bx;J(f^). 
{ExfJ = FPKP+''{X)/FP+^KP+''{X), 

where FPK*{X) is the image of the map K*{X,X'^p-^^) -> K*{X). 

Example 8.7. Let us compute A'-groups of X in Example 1 3. 6 1 We also use the cell 
decomposition of Bx in Example 13.61 For even g, since a fiber of ttj^^ : Tx Bx 
is T^, by Lemma lA.l) the A'-group of its fiber is isomorphic to Z ® Z, and all 
homomorphisms between them which are induced from monodromies are identity. 
Also by LemmaEIl ■ A:'?(^x"^(4^^)) Ki{n:^^{c'f^)) is isomorphic for all 

cells except for e^*^^ and 63"'^', whereas both of h'*^o^ and z^* ij are the natural inclusion 

'^s 

Z © {0} — > Z © Z. A similar computation as in Example 13.61 shows that 

{Z p^0,2 
Z®4 p=l 
otherwise. 
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For odd q, by Lemma [A. 3[ we have an isomorphism 

HP{Bx;J^x) was computed in Example!^ The table of £;2_tcrms is in Table H 
In particular, the spectral sequence is degenerate at i?^-term, and if -groups of X 
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Table 2. The table of (£'x)^''^-tcrms 



are given by 

^ jz®4 fc:odd. 

8.4. On signatures in the oriented four-dimensional case. In this subsection, 
we shall give the method of computing the signature for the four-dimensional case 
by using the Novikov additivity. We assume that both of X and the interior of 
Bx are oriented so that a weakly standard atlas of X used in this subsection and 
the atlas of Bx induced by it are compatible with the given orientations. In this 
subsection the assumption eorb{X) = is not necessary. 

For simplicity, suppose that Bx has only one boundary component with S^^^ Bx ^ 
0. Wc divide Bx into two parts {Bx)i and {Bx)2, where {Bx)2 is the closed 
neighborhood of the boundary dBx such that dBx is a deformation retract of 
{Bx)2 and {Bx)i is the closure {Bx)i = Bx\{Bx)2 of the remainder. Wc put 
Xi = nx~^{{Bx)i) for z = 1, 2, and denote by (j{Xi) and <j{X) the signature of Xi 
and X, respectively. The Novikov additivity says that 

(8.3) a{X) = a{Xi) + a{X2). 

First let us compute a{Xi). As we showed in Proposition 12.71 is a T^-bundlc. 
If the genus of Bx is equal to zero, then {Bx)i is contractiblc. In this case, <j{Xi) 
is zero. 

Suppose that the genus of Bx is greater than zero. We give {Bx)i a trinion 
decomposition {Bx)i = uf^^ where each {{Bx)i)i is a surface obtained 
from S'^ by removing three distinct open discs. Let {Xi)i — fix~^{{{Bx)i)i) for 
i = 1, . . . ,k. From the Novikov additivity, we have 

fe 

(8.4) a(Xi)=^a((Xi),), 

2=1 

and each cr((Xi)i) can be computed as follows. We take oriented loops 71, 72, 
and 73 of {{Bx)i)i as in Figure [S] which represent generators of 7ri(((i?jc)i)i) with 
[7i][72][73] = 1- Let p : TTi{{{Bx)i)i) Sp{2;Z) be the monodromy representation 
of T^-bundle ^x ■ (^i)» -> {iBx)l)^■ We put Q := ^([7^]) for j = 1,2,3. For Ci 
and C2, define the vector space Vci C2 and the bilinear form ( , )ci C2 ^c^i C'a 
by 

VcuC2 ■■= {{^,y) e m2 X _ i)x + {C2 - I)y = 0}, 
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Figure 6. {{Bx)i)i and 



for (a;, y), {x' , y') € Vbi,C2, where / = 



1 
1 



and J = 



1 

-1 



It is easy to see 



that 



'Cl,C2 



is symmetric and we denote the signature of ( , )c-i c-2 C2). 



Theorem 8.8 ([ 



]). a((Xi),) = ri(Ci,C2). 



We should remark that our orientation of {Xi)i is different from that in [121 EH]. 
From (|8.4p and Theorem 18. 8[ we can compute a{Xi). 

Remark 8.9. Meyer shows in that ri defines the cocycle ti : Sp{2;Z) x 
Sp{2;'E) ^ Z of Sp{2;Z). It is called Meyer's signature cocycle. The author was 
taught Meyer's signature cocycle by Endo [12] . 

Next, we shall compute a{X2)- For X2, we can show the following lemma. 

Lemma 8.10. fix^^idBx) is a deformation retract of X2 ■ 

Proof. Let hg'. {Bx)2 {Bx)2 {s G /) be a deformation retraction with ho = 
id(Bx)2, hi{{Bx)2) = dBx, and hs\dBx = idasx- By using the homotopy lift- 
there exists a lift 



ing property of the restriction of -ktx • Tx Bx to [Bx )2 
hj: Tx\{Bx]2 — * '^x\{Bx)2 of hs such that Ji^ 
id-TxlaB^ ■ ^'s induces the map : X2 X2 such that = idxa i \tJ.x-^idBx) 
idfJ_^-l(^QBx)^ ^i^d the following diagram commutes 



''^^Tx\(Bx)2 ^"^liTxloBx) 



X2 




{Bx) 



{Bx)2 



In particular, hf is a required deformation retraction. 



□ 



Suppose that the cardinality of S'^^^Bx is equal to k. Then S^'^^'Bx has ex- 
actly k connected components . . ., {S''^^Bx)k, and fix~^{dBx) = 
uLiMx"\(5(i)Bx)0, where is the closure of {S'-^'^ Bx)^■_By_thecon- 
struction of the canonical model, it is easy to see that each nx^^HS^^^ Bx)i) is 
homeomorphic to the two-dimensional sphere if > 2, and is homeomor- 
phic to 5^ with one self- intersection at north and south points ii k = 1. If 
{S^^^Bx)i n 7^ for i ^ j, then they have two intersections if fc = 2, and 
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have one intersection if fc > 2. In all cases, every intersection is transversal since a 
neighborhood of an intersection in X is identified with that of the intersection of 
C X {0} and {0} x C in C^. Then fix^^{dBx) looks like a necklace consisting of k 
spheres and the homology group of X2 is given by 

{z 35 = 0,1 
Z®''^ p = 2 
otherwise. 

Moreover, by putting Sf fj.x^^{{S^^^ Bx)i) for i = 1, . . . fc, the homology classes 
[Sf] £ H2{X2] Z) represented by S^^ are generators of H2{X2; Z). As a summary of 
the above observation, we obtain the following proposition. 

Proposition 8.11. For i ^ j, the intersection number [Sf] ■ [Sj] of [Sf] and [Sj] 
is given as follows 

f 5*2 n S"! 
[Sf] ■ [S]] - < 1 SfnS^^(l}andk>2 
[2 Sfr\S]^%andk^2. 

Assume that fc > 1. Let us compute the self- intersection number of [5",^]. We 
can take a contractiblc ncig hborhood U of in Bx so that U n S^'^^Bx 

has exactly two connected components, say {U n S^^^'Bx)! and {U n S'^^^Bx)2, 
except for [S^'^'^Bx)i- We may assume that {U n and [U n S^^'^Bx)2 are 

located as in Figure [71 Since U is contractiblc, there exists a local trivialization 




Figure 7. {S'^^^Bx)^ and {Uf^S^^^Bx). 



ip-^ : t:^^{U) = J7 X A of TTA : Ax Bx which sends restrictions of t:cx • 
S'^^^Bx to and {U nS'^^^ Bx)a (a = 1, 2) fiberwise to the trivial rank one 

subbundlcs {S'--^^Bx)i x L and {U dS'^^'' Bx)a x La, respectively. Since '■ 
S^^^Bx is primitive, we can take generators v, Va of L and La such that both of 
the determinants of (wi,w) and (w,W2) are equal to one, where (resp. {v,V2)) 

denotes the matrix given by arranging the column vectors vi and v (resp. v and 
V2) in this order. 

Proposition 8.12. The self-intersection number [Sf] ■ [Sf] is equal to the negative 
determinant — dct(ui,i;2) of {vi,V2). 

Note that the determinant of {vi, V2) does not depend on the choice of the local 
trivialization (p-^ since the structure group of the bundle preserves the orientation 
of a fiber. 

Proof. Since the self-intersection number of Sf is equal to the Euler number of the 
normal bundle A/'52 of Sf in X (for example, see [1]), we identify A/52 . For a positive 
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number e, let be the two-dimensional closed disc := {z G C: |zp < e} and 
IntZJj its interior IntD^ := {z S C: |zp < e}. We divide U into Ui and U2 as 
in Figure [HI We may assume that there arc homeomorphisms tp^ : iix^^{Ui) — > 




Figure 8. Ui and U2 



X Intl^ej, ((sf^: /xx ^(C/2) IntD^^ x D^^, (^f : Ui [0,£i] x [0,e2), and 
(P2 '■ U2 ^ [0, ?7i) X [0, 7^2] such that the overlap map := (^9;^ o (iy9^)~^ : Int _D^j x 
dDjf^ c^ZJjj X Int is pi2-cquivariant (with respect to the standard T^-actions) 
for some positive numbers Si, rji {i = 1, 2) and pi2 S Aut(T^) and overlap maps 
satisfy the equation Lpf2°f^C^ = Mc^ °'Pr2- Moreover, by applying the same argument 
used in Proposition 15. II if necessary, we may also assume that overlap maps satisfy 
the equation t o (pf^ = ° '-i where t is the section of fi£2 defined by (|2.2p . Since 
(p^2 sends {0} x dD^j^ to dD^-^ x {0} and stabilizers of the restriction of the standard 
T^-action to {0} x dD^^ and 9Dei x {0} are x {1} and {1} x S^, respectively, 
P12 must be of the form 

for some integer m. We show that the Euler number of the normal bundle J\fg-2 
of Sf in X is equal to — m. In this setting, Sf is obtained by gluing {0} x 
and Dei ^ {0} with the overlap map ip^2 ■ {0} ^ f^-D^^ ^ SZ^ei x {0}. Under the 
natural identifications of both {0} x Z?^^ and D^-^ x {0} with the unit disc Di, the 
direct computation using (j8.5p and the fact that ip'^2 Pi2-equivariant shows that 
y^rz ■ {0} X f^-C)^2 ^ dDei X {0} is of the form 

for z e 9Di and the frame bundle of can be identified with the 5^-bundle which 
is obtained by gluing two copies of Di x with the map sending {z, u) G dDi x 
to {z^^,z"^u) G dDi X S^. This implies that the Euler number of A/g? is equal to 
—m. □ 

From Proposition 18. Ill and Proposition 18.121 we can compute a{X2) case-by- 
case for fc > 1. In case of A: = 1, we have a unique point b in S^^^Bx and the fiber 
ixx~^{b) also consists of exactly one point, say x G iix~^{b)- By blowing up X at 
X, we can reduce to the case of > 1 as in the following example. 
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Example 8.13. Let us compute the signature of Example l3.6l Recall that Bx is a 
surface of genus one with one corner. As in Figure [H we divide Bx into two parts 
{Bx)i and {Bx)2 and give {Bx)i the trinion decomposition. The easy computation 
shows that the value ri(p([Q!~^]), p([7~^])) of the Meyer cocycle vanishes. This 
implies the signature cr{Xi) of Xi is zero. 




' , r, \ the trinion decomposition of (Bx)i 



Figure 9. Bx, {Bx)i, and the trinion decomposition of {Bx)i 



Next we focus on X2. Since fc = 1, the fiber of fix '■ X Bx at the unique point 
in S^^^Bx consists of exactly one point which we denote by xq. By definition, a 
sufficiently small neighborhood of xq is identified with that of the origin of . We 
denote the blowing-up of X2 at xq by X2 and also denote the corresponding orbit 
space by [Bx)2- (See Example l3.15l for blowing-ups.) Note that S^'^\Bx)2 consists 
of exactly two points. Let (5'^' (i?x)2)i and (5^^-' (i?x)2)2 denote connected compo- 
nents oi S^^\Bx)2 as in Figure fTUl Since the preimagc Si — fix^^{{S'^^'> {Bx)2)i) 




Figure 10. The blowing up of {Bx)2 



is an exceptional divisor, its self-intersection number [Si] ■ [S^] is equal to — L We 

compute the self-intersection number [S^] ■ [S^] of 5*1 = f^x^'^{{S'^^\Bx)2)2)- By 
the construction of X2 in Example 13.61 we can take mi, U2 in Proposition 18.121 of 
the forms 
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hence [5'2]'[5'|] = — det(iti, U2) = —5. The above computation and Proposition lS.llI 
for k = 2 show that the intersection matrix of X2 is 




and (7{X2) is equal to —2. Since X2 is the blowing-up of X2 at a;o, (t{X2) is equal 
to —1. Then the computations of (t{Xi) and (t{X2) together with (|8.3p shows that 
a{X) = -1. 

Appendix A. T^-thegry of low dimensional finite CW complexes 

In this appendix, we shall give some lemmas for if-theory of low dimensional 
finite CW complexes which are used in Section [5751 Let A be a finite CW complex. 

Lemma A.l ([H]). //dim A < 3, K{X) is isomorphic to H° {X ; Z) ® H'^ {X ; Z) , 
where H^{X] Z) ® i?^(A; Z) is considered as a subring of the cohomology ring of X 
with Z- coefficient. 

Proof We denote H°{X; Z)®H'^{X; Z) by H°®H'^. For simpHcity we assume that 
X is connected. Let Vect(A) be the set of isomorphism classes of vector bundles 
on X. Vect(A) is a semi-ring with respect to a direct sum and a tensor product. 
We define the semi-ring homomorphism from Vect(A) to by assigning the 

rank and the first Chern class to an element of Vect(A). By universality of K{X) 
it induces a ring homomorphism from K{X) to © . We show that this is 
isomorphism. For any (r, a) € © there exists a line bundle i on A whose 
first Chern class is equal to a since is identified with the set of isomorphism 
classes of line bundles on X. Then the above map sends the isomorphism class of 
L(B'C^~^ to (r, a), where C'^"^ is the trivial rank (r — 1) vector bundle. This proves 
that it is surjective. Next we show that it is injective. Suppose that an element 
[E] — \F] e A'(A) lies in the kernel of this map. By construction they have the 
same rank, say r, and the same first Chern class. Then there exists an isomorphism 
If: E ^ A^F between the top exterior bundles because they are line bundles 
whose first Chern classes are same as that of E and F, respectively. For x £ X 
define Qx by 

Qx := {a linear isormophism /: Ex ^ Fx : A'' / = ipl^r^^}. 

It is easy to see that Qx is identified with SLr(C) and the natural projection 
tt: Qa; ^ A is a fiber bundle with fiber SLr(C). To prove the lemma it is 
sufficient to show that tt : JJ^ Qx X has a section. We show this by induction 
on the number of cells contained in A. If A consists of only one cell, it is trivial. 
Assume that it is valid up to fc — 1 and also assume that A consists of exactly k 
cells. Then A is obtained from some CW complex A' consisting of exactly fc — 1 
cells by attaching a cell D. By the assumption of the induction, the restriction of 
TT : Qx —^ X to X' is equipped with a section, and also by the assumption of 
the lemma, the dimension of D is equal or less than 3. Since the ith homotopy 
group 7r,;(SLr(C)) vanishes for i < 2 the section can be exteded to A. This prove 
the lemma. □ 

Corollary A. 2. Under the assumption of Lemma \A.l[ by assigning the first Chern 
class to an element of K{X), we have the ring isomorphism 

(A.l) K{X)=H^{X;Z). 

Lemma A. 3. //dim A < 2, there is a ring isomorphism 

K-\X) = H\X;Z) 
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which commutes with maps induced from a continuous map f : X —t Y 

K-^X)^-^H\X;Z) 

r 



r 

K-\Y) 
Proof. By definition, 

K-^{X) := K{SX+), 

where X+ is the disjoint union of X with a point xq and SX~^ is the reduced 
suspension of X+. Let SX^ and Sxq be unreduced suspensions of X~^ and Xq, 
respectively. Sxq is naturally included in SX'^ and the quotient space obtained 
from SX^ by collapsing Sxq is just SX^. Atiyah shows in [2] that the natural 
projection p : SX~^ — > SX~^ induces the isomorphism 

(A.2) p* : k(SX+) = k{SX+). 

By composing the isomorphisms (|A.2p . (|A.ip for S'X+, and the suspension isomor- 
phism 

H^iSX+;Z) = H\X+;Z){= H\X;Z)), 
we obtain the isomorphism in the lemma. □ 

Remark A. 4. It is also shown in [14] that when dimX < 5, by associating the 
rank, the first Chern class, and the second Chern class with an element of K{X) 
(by associating the first and second Chern classes in the case of K{X)), we have 
the one-to-one correspondences as a set 

K{X) = H°{X; Z) e H^{X; Z) ® H\X; Z), 

K{X) = H^iX; Z) e H^iX; Z). 

Then the same argument in the proof of Lemma [A. 3 1 shows that when dimX < 4, 
there is an one-to-one correspondence 

K-^{X) = H^{X;Z)® H^{X;Z) 

as a set. 



References 

1. V. I. Arnold, Mathematical methods of classical mechanics, second ed.. Graduate texts in 
Mathematics, vol. 60, Springer- Verlag, New York, 1989. 

2. M. F. Atiyah, K-theory, Benjamin, New York, 1967. 

3. M. F. Atiyah and F. Hirzcbruch, Vector bundles and homogeneous spaces, Proc. Sympos. 
Pure Math. (Providence, RI), vol. Ill, Amer. Math. Soc, 1961, pp. 7-38. 

4. R. Bott and L. W. Tu, Differential forms in algebraic topology. Graduate texts in Mathemat- 
ics, vol. 82, Springer- Verlag, New York-Berlin, 1982. 

5. M. Boucetta and Molino P., Geometric globale des systemes hamiltoniens completement 
integrables : fibrations lagrangiennes singulieres et coordonnees action-angle a singularites, 
C. R. Acad. Sci. Paris Ser. I Math. 308 (1989), no. 13, 421-424. 

6. V. Buchstaber and T. Panov, Torus actions and their applications in topology and combina- 
torics. University Lecture Series, vol. 24, Amer. Math. Soc, Providence, RI, 2002. 

7. V. Buchstaber and N. Ray, Tangential structures on toric manifolds and connected sums of 
polytopes. Internal. Math. Res. Notices (2001), no. 4, 193-219. 

8. V. Danilov, The geometry of toric varieties (Russian), Uspekhi Mat. Nauk 33 (1978), no. 2, 
85-134, English translation: Russian Math. Surveys 33 (1978), no. 2, 97-154. 

9. M. Davis, Group generated by reflections and aspherical manifolds not covered by Euclidean 
space, Ann. of Math. (2) 117 (1983), no. 2, 293-324. 

10. M. Davis and T. Januszkiewicz, Convex polytopes, coxeter orbifolds and torus actions, Duke 
Math. J. 62 (1991), no. 2, 417-451. 



LOCAL TORUS ACTIONS 



39 



11. J. J. Duistermaat, On global action- angle coordinates, Comm. Pure Appl. Math. 33 (1980), 
no. 6, 687-706. 

12. H. Endo, Lefschetz fibrations and Meyer's signature cocycle, Nov. 2005, The intensive lecture 
given at Graduate School of Mathematical Sciences, The University of Tokyo. 

13. W. Fulton, Introduction to toric varieties, Annals of Mathematics Studios, vol. 131, Princeton 
University Press, Princeton, NJ, 1993. 

14. M. Furuta, Topological K-theory, 2003, The lecture given at Graduate School of Mathematical 
Sciences, The University of Tokyo. 

15. D. T. Gay and M. Symington, Toric structures on near-symplectic A-manifolds, 
arXiv:math.SG/0609753, 2006. 

16. H. Geiges, Symplectic structures on T'^ -bundles over T'^ , Duke Math. J. 67 (1992), no. 3, 
539-555. 

17. V. Guillemin and S. Sternberg, Birational equivalence in the symplectic category, Invent. 
Math. 97 (1989), no. 3, 485-522. 

18. A. Haefliger and E. Salem, Actions of tori on orbifolds, Ann. Global Anal. Geom. 9 (1991), 
no. 1, 37-59. 

19. M. Hamilton, Locally toric manifolds and singular Bohr-Sommerfeld leaves, 
arXiv:math.SG/0709.4058, 2007. 

20. A. Hattori, Topology I-III, second ed., Iwanami Lectures on Fundamental Mathematics, vol. 
Geometry ii, Iwanami Shoten, Tokyo, 1982, English translation: Isokikagaku I-III. (Japanese), 
Iwanami Koza Kiso Siigaku, Kikagaku ii, Iwanami Shoten, Tokyo, 1982. 

21. , Elliptic genera, torus orbifolds and multi-fans. II, Internat. J. of Math. 17 (2006), 

no. 6, 707-735. 

22. A. Hattori and M. Masuda, Theory of multi-fans, Osaka J. Math. 40 (2003), no. 1, 1-68. 

23. , Elliptic genera, torus manifolds and multi-fans, Internat. J. of Math. 16 (2005), 

no. 9, 957-998. 

24. H. B. Lawson and M. L. Michelsohn, Spin geometry, Princeton Mathematical Series, vol. 38, 
Princeton University Press, Princeton, NJ, 1989. 

25. E. Lerman, Symplectic cuts, Math. Res. Lett. 2 (1995), no. 3, 247-258. 

26. M. Masuda, Unitary toric manifolds, multi-fans, and equivariant index, Tohoku Math. J. 51 
(1999), no. 2, 237-265. 

27. M. Masuda and T. Panov, On the cohomology of torus manifolds, Osaka J. Math. 43 (2006), 
no. 3, 711-746. 

28. W. Meyer, Die signaturvon fldchenbiindeln. Math. Ann. 201 (1973), no. 3, 239-264. 

29. K. N. Mishachev, The classification of lagrangian bundles over surface. Differential Geom. 
Appl. 6 (1996), no. 4, 301-320. 

30. T. Oda, Convex bodies and algebraic geometry, an introduction to the theory of toric varieties. 
Springer- Verlag, Berlin, 1988, Translated from Japanese. 

31. P. Orlik and F. Raymond, Actions of the torus on i-manifolds. I, Trans. Amer. Math. Soc. 
152 (1970), no. 2, 531-559. 

32. M. Symington, Four dimensions from two in symplectic topology. Topology and geometry 
of manifolds (Athens, GA, 2001), Proc. Sympos. Pure Math., vol. 71, Amer. Math. Soc, 
Providence, RI, 2003, pp. 153-208. 

33. T. Yoshida, Twisted toric structures, arXiv:math.SG/0605376, 2006. 

34. , On liftings of local torus actions to fiber bundles, to appear in the Proceedings of 

International Conference on Toric Topology, 2007. 

Graduate School of Mathematical Sciences, The University of Tokyo, 

8-1 KOMABA 3-CHOME, MeGURO-KU, TOKYO, 153-8914, JAPAN 
E-mail address: takahiko9ms.u-tokyo.ac.jp 



